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'ihe  pi*oblom  of  estimating  th©  minimum  pressure  in 
a  trailing  vortex  system  of  a  plmnr  lifting  surface  1b 
investigated  both  theoretically  and  experii  .entally .  A 
semi--otapixdLoui  solution  is  obtained  after  showing  that 
predictions  baaed  orr  kinetic  energy  and  induced  drag 
considerations  ore  not  in  accord  with  experimental  re¬ 
sults,  Assuming  tlie  boundary  layer  developed  on  the 
lower  surface  of  the  wing  to  bo  a  measure  ox’  the  vortex 
shoot  thickness,  expressions  are  developed  for  this  difi- 
tanoc  for  the  oasos  of  rectungular  anu  elliptic  wings 
from  consideration  of  tlio  wing  geometry  and  distribution 
of  bound  circulation,  lues©  expressions  fox*  the  vortex 
sheet  thickness  involve  unknown  constants  which  mist  bo 
determined  from  tlio  experimental  results, 

'flue  experimental  investigation  oonsistou  of  measure- 
xaents  of  vortex  cavitation  inception  conditions  for 
families  of  rectangular,  ueita,  and  elliptic  wings  in  a 
large,  high  speed  water  tuxmol,  the  majority  of  the 
testing  was  done  at  n  Reynolds  number  of  ap-roxiriatoly  "’o 
but  by  voicing  the  temperature  oi'  the  water  and 
using  different  sizes  of  wings,  measurements  were  taken 
for  x*ootangular  wings  of  aspoct  ratio  four  over  u  range 
of  Reynolds  numbers  from  about  2  x  1C>’  to  2  a  lc/3 . 


ill 


The  majox*  conclusions  to  bo  di-awn  from  the  investi¬ 
gation  are  that;'  the  magnitude  of  the  minimum  pressure 
ooeffieiant  in  the  trailing  vortox  system  of  a  wing 
increases  nearly  linearly  with  the  angle  of  attack  of 
the  wing/  this  magnitude  is  almost  indeoenuant  of  aspect 

.  #  tr 

ratio  for  elliptic  wings  out  for  rectangular  wings  is 
slightly  higher,  tho  grout  or  the  us;  oct  ratio,  ’or  a 
given  angle  of  attack#  at  a  ,,iven  angle  of  attack  tho 
magnitude  of  the  minimum  pressure  coefficient  increases 
with  increasing  heynolds  rn.iriber#  and- tho  thickness  of 
the  tip-vortex  core,  or  the  thiclcnuss  of  the  odge  of 
the  trailing  vortex  snoot  is  determined  by  the  thickness 
of  the  boundary  layer  on  the  lowex-*  surface  of  the  wing 
at  the  trailing  edge  of  the  tip  and  not  be  any  consid¬ 
erations  of  induced  drag  end  kinetic  energy  of  the  vortex 
abaefc  itself,-^  .. 
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1.000  Introduction  to  the  hroblem 

A  system  of  trailing  vortices  ia  associated  with 
any  finite  lifting  surface.  Iliis  system  represents 
the  dlaturbanco  to  tho  fluid  attributable  to  the  lift 
produced  by  tlia  aurfaoa.  For  the  hypothetical  oase  of 
4  perfect  fluid,  the  system  immediately  behind  the 
lifting  aurfaoa  ia  in  the  form  of  a  vortex  sheet.  Ihis 
sheet  defines  a  aurfaoa  aorosa  vhich  the  tangential  com¬ 
ponent  of  the  velocity  ia  discontinuous.  This  vortex 
sheet,  for  the  usual  ease,  la  unstable  and  tonds  to  roll 
up  into  discrete  vortices*  Although  the  sheet  only 
approaohea  asymptotically  the  oonf i guru t ion  of  discrete 
vortices,  the  rate  of  rolling  up  of  the  shoot  varies 
oonaiaerably  with  the  degree  and  distribution  of  loading 
on  the  lifting  surface. 

In  an  ideal  frictionless  fluid  tho  pressure  along 
the  edge  of  the  vortex  sheet  and  at  the  center  of  tho 
rolled-up  vortices  attains  a  value  of  minus  infinity. 

This  follows  from  the  simple  application  of  Bernoulli's 
equation,  since  as  will  be  discussed  later,  tho  velocity 
becomes  infinitely  large  at  these  locations.  In  a  real 
fluid,  obviously  such  discontinuities  or  singularities 
in  the  velocity  cannot  exist,  however,  tne  pressure 
along  the  edge  of  the  sheet  or  in  the  center  of  the 
vortiees  is  considerably  reduced,  even  fox*  the  real  fluid. 


Tha  problem  invoutlj'tttou  herein,  both  theox*etically 
and  experimentally,  is  that  of  predicting  the  minimum 
presauro  which  existu  in  a  trailing  vortex  system  in 
a  real  fluid, 

Ihio  problem  Ii  important  In  connection  with  tho 
dosljpa  of  Marino  propollers,  In  ro^loxia  of  low  pres¬ 
sure  in  the  truilinr:  vortex  system  of  the  propeller 
blades,  the  phonononon  of  cavitation  will  occur  whenever 
the  pressure  is  reduced  to  the  vapor  pressure  of  the 
liquid,  ihia  phonononon  ia  pictured  in  figure  1.  This 
cavitation  is  unuosirablo  aince;  (1)  the  efficiency  of 
the  propollor  nay  be  recucou,  and  ,  the  cavitation 
produces  considerable  noise.  If  the  various  factor# 
whioh  influence  tl.e  i-ininum  pressure  can  be  dotomined, 
then  son®  control  can  bo  exorcised  in  the  propeller 
design  over  the  ooourrence  of  the  vortex  cavitation, 
us  it  ia  referred  to  in.  hydrodynamic  terr.inolQj^y, 

la  order  to  avoid  the  analytioal  difficulties 
Inherent  with  the  helicoiual  guomotry  of  a  propollor, 
the  prosont  study  is  restricted  to  planar  lifting  3ur- 
faoos  in  an  incompressible  fluid,  Ihe  results  for  this 
case  ahould  bo  indicative  of  miat  one  rciipit  expect  for 
propellers.  Further,  the  extension  of  tho  method  of 
aoproac'  to  tho  ciso  of  a  pro  pel  lor  does  not  appear 


unreasonable 


3. 

Iho  difficulties  in  predicting  the  minimum  pros sure 
in  the  trailing  vortex  system  of  &  wing  became  apparent 
if  ono  oonaidera  briefly  the  beriavior  of  the  system*  It 
night  be  well  to  rofer  to  a  typical  wing  and  trailing 
vortex  system  as  depicted  in  figure  2,  If  a  prediction 
of  the  minimum  pressure  along  the  section  A  of  this  figure 
were  attempted  ono  would  have  to  coneldor  the  distribution 
of  the  vurtloity  over  the  surface  of  the  wing*  At  any 
other  seotion,  for  example  C,  thb  vortex  sheet  is  par¬ 
tially  no lied -up.  dven  the  soot  ion  3  is  distorted  from 
&  piano  vortex  sheet  since  as  the  vortex  shoot  is  forming, 
the  induced  effects  of  the  vortox  system  tend  to  roll  up 

A 

the  shoot  at  the  edges.  From  those  considerations,  the 
following  question*  ari3o:  (1)  Cun  the  trailing  vortex 
System  be  considered  independent  of  the  distribution  of 
the  olroul&tion  over  the  surface  of  the  wing,  and  (2) 
Should  the  vortex  shoot  be  treated,  as  non-uistorted, 
partially  rolled-up*  or  completely  rolled -up.  The  ideal 
solution,  of  oourse,  would  be  an  exaot  solution  of  the 
Ilavler-btokes  equations  of  motion  subject  to  tho  boundary 
•  condition  that  the  velocity  be  zero  on  the  surface  of  the 
wing*  Such  a  solution  appears  extremely  unlikely  in  view 
of  the  non-linear  nature  of  the  lJavler-  .-tokee  equation* 
Instead,  simplifying  hypotheses  are  considered  which  make 
the  problem  more  tenable. 


Ill  attempting  an  analytical  solution  of  the  problem 
ths  following  procedure  has  boon  fallowed.  First  the 
out  of  ths  completely  rolled-up  vortsx  shoot  is  studied* 
Hankins's  hypothesis  of  a  solid  rotating  core  is  presented 
and  oaloulations  of  the  oore  sias  are  given  for  reotan- 
gular,  delta*  and  elliptio  wings.  These  oaloulations  are 
baaed  upon  the  aooepted  procedure  of  equating  the  induced 
drag  of  the  wing  to  the  kinetio  energy  of  a  unit  length 
of  the  rolled-up  vortex  system.  Using  the  oaloulated  oore 
aisee  prediotiona  ere  then  made  of  the  variation  of  the 
minimum  pressure  ooeffioient  with  angle  of  attaok  and 
wing  planform.  The  agreement  between  thia  predioted  be¬ 
havior  of  the  minimum  pressure  and  the  experimental  results 
le  shoWn  to  be  so  poor  aa  to  question  severely  the  generally 
aeeepted  means  of  oaloulating  the  oore  size. 

With  tills  negative  result,  consideration  is  given  to 
the  non-distorted  vortex  sheet.  A  model  of  a  non-dla tort ed 
vortex  sheet  la  proposed  which,  in  effect,  is  merely  an 
extension  of  Hankins's  hypothesis  to  the  non-distorted 
configuration.  Again  by  equating  the  lnduood  drag  of  the 
wing  to  the  kinetio  energy  per  unit  length  of  the  non-die- 
torted  vortex  sheet,  the  dimensions  of  the  proposed  model 
are  determined.  In  so  doing  ths  estimated  distribution 
of  the  energy  in  the  sheet  is  also  cons  1  dared.  The  min¬ 
imum  pressures  predieted  on  this  basis  are  shown  to  be 
closer  to  the  experimental  results  than  the  previous  pre¬ 
dictions  baaed  on  the  completely  rolled -up  sheet.  However, 


there  are  still  serious  discrepancies  to  be  explained 

and  for  this  reason,  a  ssni-«nplrioal  approach  is  developed* 

It  is  reasoned  that  the  thiokness  of  the  boundary  lays:*  on 

the  lower  surface  of  the  wing  at  the  tip  of  the  trailing 

edge  is  a  measure  of  the  vortex  sheet  thiokness*  hxpros- 

sloas  are  developed  for  the  variation  of  this  thiokness 

with  anglji  of  attaek,  aspect  ratio,  and  Reynolds  number 

*» 

for  the  rectangular  and  elliptio  wings*  These  expressions 
Involve  unknown  constants  which  are  determined  from  the 
experimental  results. 


2.000  PpOTloai  Investigation! 

There  hat  bean  little  work  performed  in  the  peat  on 
the  problem  a*  euoh.  Numerous  investigators  have  consi¬ 
dered  tha  spread  and  daoay  of  a  vortex  sheet,  but  theaa 
works  have  bfen  for  tha  vortax  aheat  whioh  la  formed 

i 

bahlnd  blunt  bodlaa  In  whioh  tha  llnaa  of  vorticity  ara 
normal  to  the  dlraotlon  of  tha  main  flow*  Figure  3  11- 
luatratas  thio  type  of  ahaat*  ho tab la  lnvaatigatora  of 
thia  problem  vara  Prandtl  In  1925  and  Tollmlen  in  1926 
whoaa  worka  ara  found  In  references  (1)  and  (2)*  hxperi- 
ment&l  confirmation  of  tha  theories  of  Prandtl  and 
TadUjtleh  ware  reported  by  Page  and  Johansen  In  rafaranoa 
(3)  la  192C,  Briefly,  tha  problem  of  tha  atruatura  of 
tha  vortax  ahaat  vaa  attaokad  by  Prandtl  and  Tollmlan 
with  tha  methods  for  analysing  turbulent  flow*  The  apraad 
of  tha  sone  of  tha  vortlclty  was  assumed  to  result  from 
tha  transport  of  tha  vortlelty  by  turbulent  fluctuations. 
Since  tha  nature  of  the  problem  le  eo  dissimilar  from  the 
ana  eonalderod  hare  and  alnoe  tha  method  of  attaok  does 
not  appear  applicable,  nothing  further  will  be  said  con¬ 
cerning  the  work  of  these  experiment  era.  An  extensive 
bibliography  on  this  subjeot  la  given  in  rafaranoa  (4). 

Tha  first  investigation  to  be  performed  which  appear* 
epplisabl*  to  the  problem,  as  outlined  in  the  introduction, 
la  presented  in  reference  ($).  In  tha  oase  of  an  Isolated 
vortax,  Ranklne  hypothesised  the  so-called  ''combined"  or 
"Ranklne"  vortex  in  order  to  olroumvent  the  infinite 


'•Ui 


7. 

vtlNlty  at  the  center,  This  Idealisation  oonalsts  of  an 

% 

lanw  oore  throughout  which  tha  notion  la  rotational  with 
a  aonatant  value  of  tha  vortloity*  and  an  outer  region  In 
which  tha  flow  la  lrrotational. 

Further  work  with  an  laolatad  vortex  waa  par fo mad 
by  leash*  reference  (6),  in  whioh  an  lrrotational  velocity 
distribution  waa  aaaumad  to  exist  Initially  with  tha  sub- 
— quant  alteration  with  tine  due  to  tha  eat  Ion  of  via- 
eoaity  being  obtained  frceo  tha  analogy  of  tha  diffusion 
of  rartlolty  to  heat  conduction* 

Also  of  notaworthlnaaa  are  tha  results  of  a  raoont 
artlsle  by  Spreiter  and  Saelca,  rafaranoa  (7)*  in  whioh 
tha  rolling -up  of  tha  trailing  vortex  system  waa  investi¬ 
gated*  Tha  purpoae  of  this  lnvaatigation  waa  to  determine 
tha  pro par  vortex  system  to  be  used  for  downwaah  calcula¬ 
tions*  It  was  found  that  tha  rata  at  which  tha  vortex 
■heat  rolls  up  depends  upon  tha  magnitude  and  loading 
dlatrlbutlon  of  tha  wing  whioh  la  generating  tha  system. 
Further,  1%  via  found,  at  least  for  downwaah  calculations, 
that  tha  rolling-up  of  tha  vortex  sheet  associated  with 
hlgh*aapaat  ratio  wings  is  of  little  consequence  but  that 
far  low-aspect  ratio  wings,  the  sheet  may  be  considered 
to  be  completely  rolled -up  into  two  rectilinear  vortices 
within  a  chord  length  of  tha  wing* 

In  rafaranoa  (6)  as  wall  as  the  previous  reference  (7)* 
a  method  la  outlined  far  obtaining  tha  configuration  of  tha 
toapletely  rolled- up  vortex  system  from  energy  considerations 


a» fuming  two  trailing  Ranlcine  vortloaa.  The  present 
work.  In  addition  to  a  general  discussion  of  the  yortex 
ayaten,  presents  and  extend®  the  raethoda  of  (6)  to  an 
assumed  hypothetical  model  of  a  non-distorted  yortax 

sheet* 

IJimoroua  other  rfforonoas  were  used  In  the  investi¬ 
gation  reported  herein  and  those  will  be  Hated  whore  need. 
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3.000  OicorctlQal  Analysis  of  the  Arable 
In  view  of  the  varying  configuration  of  the  trolling 
vortex  sheet  In  the  dlreotlon  of  motion  It  was  decided  to 
treat  the  Uniting  conditions  of  a  ooeaplatoly  rollod-up 
vortex  sheet  and  a  noa-distorted  vortex  sheet.  It  would 
seen  reasonable  to  assume  that  the  sotual  oaao  lies  some- 
where  between  these  extremes.  Actually  the  configuration 
of  a  non-diatorted  vortex  sheet  appears  more  nearly  repre¬ 
sentative  of  the  physical  case  sinoe  the  dlseapatlve 
action  of  the  vlsooslty  in  a  real  fluid  would  tend  to 
destroy  the  strength  of  the  sheet  as  It  rolls  up.  However, 
considerable  insight  into  tho  behavior  of  the  vortox  system 
ean  be  realised  through  consideration  of  the  rolled-up 
sheet.  In  addition,  a  knowledge  of  the  theory  of  the 
rolled-up  sheet  le  necessary  to  an  understanding  of  the 
theory  which  Is  developed  for  the  non-dlstortod  sheet. 

3*ioo  ant, si  .tot  .gflBpjuttfiy  jgacta&jbfttt 

In  dlacusaing  the  oase  of  a  oonpletoly  rolled-up 
vertex  sheet,  the  problems  encountered  are  tlioso  associated 
with  s  discrete  rectilinear  vortex.  'Hie  properties  of  suoh 
a  vortex  will  therefore  be  discussed  before  treating  the 
rolled-up  system. 

the  velocity  distribution  for  a  vortex  in  two-dimen¬ 
sional  irrotationol  fluid  motion  is 
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y 

y  *  2TT  r  (3*D 

where:  v  •  tangential  velocity 

y  •  circulatory  strength.  of  the  vortex 

r  •  radial  diatanee  from  tine  center  of 
the  vortex 

According  to  this  equation  the  velocity  becomes 
infinite  at  the  e enter  of  the  vortex.  Obviously*  thla  is 
inpoaaible  in  a  real  fluid.  The  redial  variation  of  the 
velocity  field  of  a  vortex  in  a  real  fluid  must  thus  be 
altered  to  remove  thla  a insularity. 

According  to  the  Rankins  hypothesis*  it  is  assumed 
that  the  vort laity*  u)  *  ie  constant  over  e  circular 
sore  of  radius  a.  Inside  the  oore  the  motion  is  rotational 
ao  that  a  complex  potential  does  not  exist  in  this  region. 
However*  e  stream  function  sen  be  defined  both  inside  and 
outside  the  core.  If  it  is  stipulated  that  the  stream 
function  end  the  velocity  be  continuous  at  the  edge  of 
the  core  then  it  la  shown  in  reference  (*>')  that  Hankins's 
hypothesis  is  tantamount  to  assuming  the  existence  of  e 

U? 

eolld  core  rotating  at  an  angular  velocity  of  y  ,  Outside 
of  this  core  pure  irrotetional  motion  exists! 

The  pressure  gradient  within  the  core  is 


(3.2) 
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l  y 


Integrating  gives 


P5  P  ^ 


p  r  2  co 2 


where  pR  la  the  pressure's*  the  center. 

In  terms  of  the  pressure  at  the  edge  of  the  core 


P0  =‘  p 

°  1  Ok. 


_  p± 


a 


r 


*  P*“  2 


(3.3) 


/  TTCkJ 

where  pft  is  the  pressure  at  the  edge  of  the  oore, 
dlnee  the  antion  outside  of  the  oore  Is  irrotatlonal,  pR 
ten  be  obtained  by  applying  Bernoulli  *s  equation  from  a 
point  at  Infinity  to  r  e  a 


therefore 


P~~  Po.+  z(^f 


D  _ 


P 


y 

£  IT  c\ 


(3.4) 


p  la  the  pressure  infinitely  far  from  the  vortex, 

OO 

m  coefficient  fora  the  pressure  at  the  center  of 
the  vertex  beeoaes  p  __  p 


cPe=  v 


*  f  VV  (3.5) 

with  V,  is  the  reference  velocity, 

Substituting  In  the  above  expression  the  relationship 

/  V  ''2- 


ef  equation  (3*4)  gives 

CP •  *-2 


l2 TT  a  V 


(3.6) 
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It  i«  of  interest  to  noto  that  for  tho  Rankin*  vortex* 
th*  preasuro  drop  through  the  region  of  lrrotation&l 
notion  i*  exactly  equal  to  tho  drop  through  the  oore. 

For  a  given  vortox  of  known  strength,  the  problem  of 
calculating  the  minimum  pressure  for  th*  Raakine  uodel  la 
equivalent  to  that  of  determining  th*  ooro  siae.  In  an 
effort  to  gain  sane  insight  into  the  variation  of  the  oore 
size,  tho  following  Investigations  were  conducted, 

3.12c  pfriwflqKyfl  Aa&3aila.  or  Cnv*  aua 

It  eeene  reasonable  to  oama-ie  that  the  oore  else  of 
a  Rankin*  vortex  would  be  a  function  of  the  following 
quantities  t 

4  V  *  oiroulatory  strength  of  tho  vortex 

p  «  nass 'density  of  tho  fluid 

/*  *  dyaamio  viscosity  of  th*  fluid 

V  ■  velocity  of  the  fro*  stream  relative 
to  the  generating  surface 

Th*  simple  application  of  th*  fundamental  TT  -  theorem  of 
dliaswaional  analysis  results  in  the  two  dimna Ionises  IT  - 

TT  OlV 

variables  «T»  - 

TT,  =  *£  0.7) 

/<■ 

Tbs  siae  of  the  oore  sen  thus  be  expressed  in  the  for*! 


(3.8) 


Tbs  important  result  to  observe  la  the  formulation  of  a 
Reynolds'  mmfeer  aharaoterlaing  the  vortex  notion,  namely 

If 

# 
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Before  continuing  further  with  this  analysis,  it 
Mould  be  wall  bo  consider  a  win-  with  u  oa«npl©tely  rolled- 
up  vortex  system  as  shown  in  figure  .'.a  the  vortex  sheet 
behind  a  wing  rolls  up,  tho  center  of  the  vertices  assume 
a  distance  apart  which  is  sttuller  t:_en  tbo  wii^;  span.  Tills 
distance,  denoted  on  the  figure  as  2l>‘,  ia  &  function  of 
the  plaafom  sijapo  and  apanwise  distribution  of  tho  loading 
as  will  be  shown  later. 

Prow  the  law  of  vortex  continuity,  as  stated  by 
Hetefcolts,  the  strength  of  eaoh  trailing  vortex  is  clearly 
equal  to  the  mid-span  value  of  the  bduhd  circulation  on 

the  wing,  P0  , 

FVon  the  Kutta-Joukowslci  theorem,  the  bound  ciroulatlon 
at  any  station  alo.ig  the  wing  ia  given  by: 


r^^v'  (3.9) 

where i  C  •  sherd  of  the  atation 

the  section  lift  coefficient 
V  •  local  resultant  velocity  at  tha  section  (given 
Closely  by  the  free  stream  velocity} 


Substituting  (3,9)  in  (3.3)  gives 

C±o 

Z 


a.  =  c0qof 


P  Q-v) 

' 


(3.10) 


where: 


»  seotlon  lift  coefficient  at  nid-apan 
*  chord  of  mid* span  station 


0*»  if  tns  free  atreen  Reynolds  number  of  the  wing  is  given 


by* 


V  top 


t 


(3.11) 


then  tha  expression  for  tha  oore  radius  bacons*  finally: 


a=5  c 0C.i0  f  (%  Rc)  (3,12) 

At  this  point  tha  function  of  C,  R  would  hava  to 

Ao  g 

be  detemlned  from  experiment.  Although  tha  dimensional 

♦  * 

analysis  daas  not  rssult  in  a  quantitative  answer,  it 
doss  indicate  a  basis  for  tha  correlation  and  extension 
of  tha  data, 

3*U©  lafeU  ^fMlon  for  a  Rootllinsar  Vortex  in  a 

Rankins  *s  hypothesis  is  merely  an  artifice  whinh 
appssxtiaatao  the  action  of  a  raotilinaar  vortex  in  a 
viscous  fluid.  In  a  visoous  fluid  obviously  tha  vortloity 
will  not  ba  confined  to  a  United  region  at  tha  canter 
of  the  vortex  as  supposed.  Instead  of  the  velocity  func¬ 
tion  having  a  discontinuous. derivative  it  is  natural  to 
expect  that  tha  radial  variation  of  the  velocity  will  be 
analytic  throughout  the  entire  flow  field. 

By  applying  the  Bavler-Stokes  equations  to  flow 
eonoontrie  about  an  axis,  Lamb  shows  in  reference  (6) 
that*  in  terns  of  the  vortlaity,  co  ,  the  equations  ef 
nation  reduce  te 

"4  uj>  /  42o  l  4  <£  \ 

rr  =  4?*  *  r  %r  J  '  (3.W 

But  Lamb  observes  that  the  above  equation  la  Identical 
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with  the  equation  of  radial  flow  of  hoat  in  two  dimen¬ 
sion*  •  By  analogy  to  the  heat  transfer  ease,  the  solu¬ 


tion  is  given 


co  = 


4  St 


47T  t 


The  velocity  distribution  is  than  found  ast 

r  / 

\i  «  — 

2TT  r  ^ 

Vo 

Observe  that  for  the  steady  oase  where  =  o  ,  the 

solution  for  to  isi  , 

co  =  C(  lo^  r  +-  c.£ 

Sines  the  vortioity  is  to  vanish  at  a  distance  infinitely 
far  removed  from  the  o enter  of  the  elroular  motion,  it 
follows  that  for  the  steady  ease 

uo  ■  constant 

Rankins  * a  hypothesis  is  thus,  in  effeot,  two  distinot 
solutions  ^f  the  equations  of  motion  for  the  two  regions 

e 

inside  and  outside  of  the  oore.  In  crossing  the  boundary 
of  the  core,  the  hypothesis  violates  the  squat lor s  of 
motion  since  U)  vanishes  discontinuous ly  from  suae  finite 
value. 

Returning  to  the  expression  (3.14)  whioh  Iamb  derives 
for  the  veloelty  distribution  of  s  vortex  in  s  viscous  fluid, 
it  is  to  be  noticed  that  whan  t  *  €,  the  velooity  ulatri- 
bution  is  identical  to  that  for  a  vortex  in  lr rotational 
motion.  Thus  equation  (3*14)  represents  the  alteration 


I  -  0 


(3.14) 
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to  the  irrotational  notion  with  time  as  effected  by 
the  diffusion  of  the  vortiolty  due  to  vlaeous  action. 

The  pressure  at  tha  center  of  tha  rotational  notion 


daaoribad  by  (3*34)  can  ba  obtained  as 

do  r<- 


P  =  P 


L 

/■— 

r 

(iiTr, 

i  -  e 


d  r 


or  in  aooffioiant  form: 


Tha  definite  integral  in  the  above  aquation  is  evaluated 
in  tha  appendix  where  it  ia  shown  that: 


.  DO.  -M 

(  '-ej*  i 


-  dx  =  k  1°<J  2. 


(7 


Tha  expression  for  tha  minimum  pressure  ooeffloient 


beecases: 

locj  z  /  W 

Cp  ~  ~~ z~JT  \zrrV„J  (3#x5) 

On  the  basia  of  the  sparse  data  which  is  available* 
the  velooity  distribution*  as  given  by  (3,34)  a  'ears  to 
describe  the  variation  of  the  induced  velocity  behind  a 
wing  satisfactorily  even  though  the  initial  conditions 
at  t  *  o  for  (3*34)  are  unreal.  Figure  $  is  a  comparison 
of  equation  (jt*34)  with  upvash  measurements  obtained  from 
reference  (9 )•  These  measurements  worn  taken  two  ohord 
lengths  behind  and  outboard  of  a  wing  with  a  rectangular 


planform  with  an  aspect  ratio  of  six*  For  comparison 
purpoaaa  arbitrary  values  of  2T  and  t  wore  selected 
to  give  tha  bast  fit  to  the  data*  Tha  data  vaa  insuf- 
floiant  to  ohooaa  a  value  of  if  and  no  rational  maana 
of  selecting  t  appaara  aatia factory  duo  to  tha  uncer¬ 
tainty  of  tha  initial  conditions* 

As  a  taat  of  tha  validity  of  Rankina ' a  hypothaaia 
tha  iBlnlanan  praaaura  eoafflelant  for  tha  axaot  aolution 


will  ba  oampared  to  that  which  ia  obtainad  from  tha 
Rankina  vortax  taking  tha  radiua  of  tha  oora  to  aqual 

tha  radius  at  whioh  tha  maxlpwan  valoolty  oooura  in  (3.1I4.). 

% 

So  find  thla  radiua,  tha  derivative  of  (3*14)  with  raapact 
to  r  la  sat  aqual  to  aero* 

--  v  lQA't 


rl 

*  irtil 


^tt  r, 
r 


«n»K  \ 
2 


4TT  P  T 


—  (. 
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than  tha  abova  aquation  becamaa 


»  X-A>>t 

e*-2x  -1  =»  o 

tha  solution  of  tha  abova  aquation  ia  X  *  1*26  from  whanoa 


rm«,x  = 


(3.16) 


If  tha  abova  ralatlonShip  is  substltutsd  in  axpraaaion 
(3*15)f  tha  nlnlwart  p raaaura  aoaffielant  for  tha  axaat 
solution  In  tarns  of  beeonas 


-1.74 


2.TT  r  V 


v~) 


(3.17) 
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The  magnitude  of  this  expression  is  soon  to  be 
approximately  13>  less  than  that  which  was  obtained 
for  the  Rankins  vortex  as  given  by  equation  (3*6).  Un 
this  basis  therefore,  the  Rankins  hypothesis  would  ap¬ 
pear  to  be  a  suitable  representation  of  the  rolled-up 
vortex  system, 

V 

3.140  Prediction  of  the  Core  Radius  of  the  Trailing 
Vortices  From  Considerations  of  Induced  drag 

Jttlftttfl  jMTJC 

The  kinetio  energy  of  the  trailing  vortex  system 
is  a  manifestation  of  the  power  required  to  overoome 
the  induced  drag  of  the  wing.  That  the  kinetio  energy 
per  unit  length  is  equal  in  magnitude  to  the  induoed 
drag  can  be  shown  in  the  following  somewhat  intuitive 
learner.  Consider  the  wing  having  moved  a  unit  distance 
during  which  time  conditions  were  steady.  In  the  abeenoe 
of  any  vieooue  drag,  the  work  required  to  move  the  wing 
this  diatanee  can  only  be  that  required  to  overoame  the 
induced  dreg  given  by  x  (1),  being  the  Induoed 

dreg,  During  this  time,  a  length  of  the  trailing  vortex 
system  la  gen4rated  equal  to  the  distance  moved  by  the 
wing.  She  kinetio  energy  of  the  trailing  vortex  system 
la  Inereased  by  the  product  of  the  distance  moved  end  the 
kinetio  energy  per  unit  length  of  the  vortex  system,  since 
ns  agent  is  present  for  the  dissipation  of  the  work  required 
to  move  the  wing,  it  follows  that  the  laval  of  the  kinetio 
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enorgy  of  the  vortex  sy*t em  must  increase  by  an  amount 
equal  to  th#  expended  work.  Thus  lfc  follows  that 

K“  D;  (3.16) 

where  X  »  kinetic  energy  of  the  trailing  vortex  system 
per  unit  length 
D^s  Induced  dreg  of  the  wing 
A  store  elegant  proof  of  this  relationship  is  given  later 
in  the  oourae  of  a  theoretical  development. 

Consider  the  wing  system  as  Shown  in  figure  I4..  Sup¬ 
pose  e  pla^e  is  passed  through  tho  trailing  vortox  system. 

% 

This  plane  is  looated  far  enough  aft  so  that  the  vortex 
sheet  hae  essentially  rolled  up  into  two  dlaorete  vortices 
sa  Shown.  The  two-dimensional  flew  on  this  transverse 
plane  will  be  that  due  to  two  vortices  e  diatanoe  of  2b' 
apart  with  strengths  of  opposite  sense. 

According  to  Hankins's  hypothesis,  each  vortex  will 
eonslst  of  an  inner  circular  region  of  radius  "a"  over 
whloh  the  vort laity  is  aonosnt rated  and  constant  (a 
solid  rotating  00 re )  and  outside  of  which  the  flow  Is 
irrotatlonal.  The  induced  transverse  flow  will  appear 
aa  in  figure  6. 

To  calculate  the  kinetic  energy  of  the  aystec: 
shown  in  figure  6,  the  kinetic  energy  of  the  fluid  outside 
of  the  rotating  oores  will  be  calculated  separately  from 
that  of  the  eorea.  It  la  a  well  known  theorem  of  fluid 


meohanlos  that  the  kinetic  energy  .of  the  two-dimensional, 
irrotational  notion  within  the  closed  curve  C  is  given  by 

Ki»  $  y  ;  (3.19) 

C 

where  v^  la  the  velocity  component  tangent  to  the  path 
of  integration  s,  and  y  ia  the  value  of  the  etrean 

A 

function  on  s«  It  will  now  be  shown  that, for  the  system 
of  figure  t>,  the  kinetio  energy  of  the  irrotatlonal 
portion  of  the  flow  la  given  by 


K-i  -  I'" 


r 


y  d  & 


(3.20) 
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For  a  vortex  with  a  oore  of  radius  "a"  3ituated 
nt  the  origin  having  a  strength  ’5"  ,  the  stream  function 


let 


y 


=  _i  j  (xh  £  * 

2TT  1  3  tv. 


Thus  the  stream  function  for  the  oombined  flow  as  pictured 
in  figure  6  is 

r.  ie  AM)1*** j 


v 


t 

Z 


m  ~  a  ’  zirc*.  ■>  a. 

The  above  equation  can  be  reduced  to  the  following 


expression} 


y  =  -  I 

•  sa  ~rr 


(x+b9 

r"x~ 


2 


(3.21) 


2  .1 


4ir  3(x-b^4-^ 

(x-hb^-h  y 

,^2.^  ^2  is  set  equal  to  a  oonstant  it  will 
be  seen  that  the  streamlines  are  circles  of  radius  r 
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eentered  on  the  x  axis  at  distanoea  of  ±/b'2-*-  rl 
from  tho  origin* 

Now  consider  tho  contribution  to  the  oontour 
integral  along  the  cirole  of  radius  R* 

r  fm 

I  V^s^S=  I  RVt'l/,  dfi 


R  V  ui  d© 


As  R  approaches  the  Unit  infinity  either  x  and/or  y 
approach  the  sane  limit  with  the  result  that  V  vanishes 
at  infinity*  Further  upon  examination  of  the  contribution 
of  either  vortex  it  oan  easily  be  seen  that  v#  approaches  ' 

sere  ss  fast  as  •  Thus 

lity\  f y  ^  ds»o 
R  J 

K 

with  equation  (3*20)  being  proved* 

The  oontour  integration  la  thus  reduced  to  the  path 
as  indloatcd  in  figure  7*  The  symmetry  of  the  problem 
allows  us  to  oaleulato  tho  total  contribution  as  twloo 
tbs  contribution  of  tho  integral  about  one  of  the  cores. 
Consider  the  oore  on  the  right  as  pietured  in  Figure  8* 
Since  the  surfaee  of  the  flow  is  a  streamline*  the 
value  of  V  is  eonstant  along  its  oontour*  Tho  expres¬ 
sion  for  the  kinetio  energy  outside  of  tho  oore  then 


(3.22) 


At  the  boundary  of  the  oore  x  and  y  are  given  by 

(x  —  /b'z  +■  a.2 ) 2  +*  - j  2  a  0- 2 
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or 


(x+b'/+>^  =  2x(/b'z~+^-  +b'J 
(X-b')a+  -  Zx({ti^aS-  -  b') 


Thaae  relationships  are  Inserted  into  aquation 
(3.21)  to  obtain  the  value  of  •  The  result  is  a 
oonstant  given  by 
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/ b,2+-< 


a2  h  b 
10<^/br i+oJ-  -  b' 


(3.23) 


The  elossd  line  integral  of  the  tangential 
veloolty  about  the  eore  of  the  vortex  is.  of  oourse. 
slaply  the  neasure  of  the  vortex  strength  and  is  equal 
t«  ^  i  Thus  the  kinetic  energy  outside  of  the  cores 
is  given  by  j 
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the  kinetic  energy  inside  the  rotating  cores  can  be 

expressed  as  t  2]r  a 


zp(  ( 1° r)2 r d r 6 


Sines  at  r  *  a.  co  Ol  = 


it  fellows  that 
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1/  -  L - 

8~  TT 


(3.25) 


The  kinetic  energy  per  unit  length  of  the  vortex 


Is  determined  finally  as 

p  tr2 

/  M  - - 


k  = 
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/  6'  2  +  JL.2  +  b 


i  +  zlo^S^L. 

~7  b'^-hu1  —  b' 


(3.26) 
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This  expression  is  e;uat<su  tu  the  xdwced  drag  and 


the  rosulting  expression  solved  for  "a  * 


(3.27) 


Hie  strength  of  aaoh  vortex,  eo cording  to  the  law 
of  vortex  continuity,  is  equal  to  the  bound  circulation 
of  the  wing  at  mid-span  donated  by  j  p  #  ( dee  Figure  4J 

Furtiier 


Also  i 


where  cQ  ■  mid- span  chord 

C1Q*  ^id-spar  aootion  lift  coefficient 


where:  s  2  wing  aria 

Ch»  induced  drag  coefficient 


Thus: 


A  IT  D,-  _  <T\  C  b.b| 

P  ^  ‘  Cl,  ’ 


The  distance  between  the  two  rolled-up  vortices  2b* 
is  determined  from  the  stipulation  that  the  lift  impulse 
must  be  preserved  throughout  the  rolling-up  process  j  t.us 


Zk 


The  AipMt  ratio  of  a  wing  it  da  fined  by: 

(^b j*- 

FR  = 


(3.29) 


Thus  with  the  aid  of  the  above  aquations*  the  expression 

fbr  the  indue ed  drag  ean  be  written  as* 

4TT  D,  S'TT  /K  ,  o' 

r‘  =  \ 

Expression ’(3,27)  becomes  finally 


a  _  b' 
b  b 


/  x'[T/kC^i  \j  b_  '  u  \  1  ^ 


,  / . .  '“t'l  )  r_  i  'ii 

1  "^irv'/W  -  ~  j  ■■ 


-|  t-CXf. 

\ 


f  /  Tf/k  Cp  \  i/ 

'  k  rJ  •---  - 


~  ! 


\ 


/ 


i 


:  i 


..  j  y 


laeupdng  that 
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exp(V  ^  /( 

a  vary  olosa  approximation  is  obtained. 
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(3.30) 


(b) 


(3.30) 


Presi  aquations  (3*29)  and  (3.30)  the  quantity  — 


ean  be  written  as: 


|  I 


fc  \  VAK 

Thus  with  the  above  equations  It  siiould  be  possible 


to  determine  the  ooro  slse  of  the  trailing  vortex  for 


uqr  wing  for  which  the  lift  and  Induced  drag  character- 
lit lea  era  calculable. 

The  preoedlng  development  a  were  outlined  briefly 

A 

by  Sprelter  and  Sacks  In  reference  (7)*  The  procedure 
followed  there  however  was  carried  through  In  terms  of 
the  velocity  potential  Instead  of  the  stream  function. 

An  expression  for  the  kinetic  energy  of  the  vortex  system 
was  obtained  comparable  to  the  expression  (3.21*.)  derived 
here.  The  form  of  the  expression  involved  the  oore 
radius  in  e  much  more  complicated  manner  than  does  (3 .24; 
so  that  it  was  only  after  considerable  manipulation  that 
the  two  expressions  wars  shown  to  bo  equivalent.  Beoauee 
of  the  complexity  of  the  expression  for  the  kinotlo  energy 
derived  by  Sprelter  and  Saaks,  it  was  nooeseary  for  them 
to  make  the  simplifying  assumption  that  '  5  b' 

in  order  to  solve  for  the  eore  radius.  In  the  present 
analysis,  no  such  simplification  was  neoossary  with  the 
exaet  solution  (3.30a)  being  obtained  for  the  oore  radius. 
A  mush  oloser  approximation  to  the  exaot  solution  than 
that  in  reference  (7}  is  given  by  equation  (3*30b). 

The  results  of  the  preceding  theory  for  the  rolled-up 
vortex  will  new  be  applied  to  three  families  of  wings 
having  rest angular,  delta,  and  elliptle  planforms,  For 
the  reetangular  planforms.  a  comparison  of  Sprelter  and 
leeks*  approximation  is  made  with  the  expression  (3*30). 
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For  a  wing  having  a  rectangular  planfora 
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»  and 

-  '  '•  k. 

as  calculated  by  Falkner  in  reference  (10) 


The  variation  of 

si  \ 

la  shown  In  figure  9.  Using  these  values,  the  graph  of 

a 

^  versus  /K  of  figure  10  was  obtained.  A 
comparison  with  the  results  of  reference  6  Is  also  given 
In  this  figure  where  it  oan  be  seen  that  the  present 
values  are  appreciably  greater  than  those  of  the  reference. 
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The  aspect  ratio  of  a  delta  wing  Is  /R 


Thus  1 
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The  substitution  for 
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Into  (3.30a)  gives: 
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The  variation  of  -  -  and 

dCu 

~  for  delta  wings  as  a  funotion  of  aspeot  ratio 
wars  estimated  from  the  results  of  references  10,  11 
and  16  and  are  given  in  Figure  11,  Using  these  data, 
the  variation  of  ~  with  aspect  ratio  was  obtained  and 

Lj 

is  presented  in  figure  12. 
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The  elliptic  plani'orm  has  an  aspeot  ratio  given  by: 


/k 


L_ 

IT  v_. 


The  characteristics  of  an  elliptic  wing  are: 


Thus  ~ 

u 


h  ^  I 


.1 


IT 


d  A  IV  f-h. 

is  a  oonstant  for  all  aspect  ratios. 
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Observe  that  the  oore  radius  increase* s  with  increasing 
aapeot  ratio  for  delta  wings,  is  oonstant  for  elliptic 
wings,  and  decreases  with  increasing  aspect  ratio  for 
rectangular  wings. 

3.150  Prediction  of  minimum  Pressure  Coefficients  £o_r 

Reotan/mlar.  delta  and  Elliptic  lags  on  J£aJ&sl» 
of  a  Rolled-Up  Vortex  ->hcct 
The  expression  for  the  minimum  pressure  coefficient 


I 


2B, 


at  the  center  of  u  Kankir-e  vortex  has  be on  d'erivod 
earlier  as  equation  (3,6),  In  addition,  it  has  been 
shown  that  the  strength  of  eaoh  vortex  ia  equal  to  the 
Kid- span  value  of  the  bound  circulation  as  determined 
from  equation  (3«9  .  further,  the  section  lift  coef¬ 
ficient  at  the  mid-span  cun  be  obtained  from 


(3. 34) 
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where  a  is  tho  absolute  angle  of  attaok  of  the  wing. 
If  the  preceding  results  are  substituted  in  the 
equation  (3,6)  for  the  minimum  pressure  coefficient,  tnen 
the  result  can  be  written  as 
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The  tern  in  the  braokets  is  a  function  of  the  as  eot 
ratio  and  the  planfom*  For  the  example  planforws  oon- 
aldered  here,  tills  term  can  be  calculated  with  tho  aid 
of  tho  relationships  just  prosonted,  obcervo  that  the 
above  rosult  predicts  that  the  minimum  pressuro  coefficient 
should  vary  directly  an  the  square  of  the  absolute  angle 

of  attack.  The  predicted  variation  of  -  with 

\*~ 

aspect  ratio  for  the  rectangular,  delta,  and  elliptic 
planforms  is  prosonted  in  graphical  form  in  figure  13, 

The  elliptical  case  is  shown  extrapolated  for  aspect  ratio 
less  than  four  sinoe  lifting  line  results  will  not  be 
valid  in  this  region. 


Without  going  into  a  description  of  the  experimental 
investigation  and  its  results  at  this  point,  let  it  suf- 
fioe  to  say  that  tho  results  for  this  oase  of  tho  com¬ 
pletely  rolled-up  vortex  sheet  are  in  considerable  dis¬ 
agreement  with  what  is  found  experimentally,  hot  only 
is  the  measured,  variation  of  the  minimum  pressure  coef¬ 
ficient  v/ith  the  angle  of  attack  found  to  be  nearly 
linear  but  also,  the  magnitudes  of  the  minimum  preeaure 
coefficients  are  measured  to  be  much  larger  than  nre-  ” 
dloted  on  the  basis  of  the  rolled-up  sheet.  For  example, 
from  fi4gtu*e  13  one  would  predict  a  rectangular  wing  with 

s 

an  aspeot  ratio  of  four  to  product)  a  minimum  pressure 
coefficient  of  -,03li4  at  an  angle  of  attack  of  6°,  This 
value  is  considerably  smaller  in  magnitude  than  the  value 
of  -1,2  found  experimentally  as  shown  In  figure  (l;l). 

For  tho  rectangular  wings  in  particular,  the  location  of 
the  minimum  pressure  at  the  hlglter  angles  of  attack  was 
several  chord  lengths  downstream  of  the  wing  where, 
according  to  the  results  of  reference  (7),  the  vortex 
sheet  would  be  essentially  rolled-up.  llierefore  the  fact 
that  the  predicted  minimum  pressure  is  not  in  accord  with 
the  experimental  results  indicates  a  fundamental  fault  in 
calculating  the  vortex  core  size  in  this  manner. 

3.2C0  Iton-hlstorted  Vortex  dheot. 

A  vortex  sheet  is  in  effect  a  continuous  distribution 
of  vortex  filaments.  Tho  concept  of  a  vortex  sheet  in 
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potential  motion  can  be  arrived  at  by  consideration  of 
figure  14.  Suppose  in  each  livioion  of  length  -S  on 
a  side,  a  two  dimensional  vortex  of  strength  v  exists .  * 

How  if  A  is  decreased  to  the  limit  zero  while  the 
strength  and  number  of  the  vortices  is  increased  propor¬ 
tional  to  ~  ,  then  a  vortex  sheet  is  obtained. 

The  strength  of  a  vortex  sheet  is  measured  by  the 
circulation  around  a  unit  length  of  the  sheet  in  the 
direction  normal  to  the  axes  of  the  vortices.  If  v^ 

Is  the  velocity  tangent  to  the  sheet  at  the  upper  sur- 
faoe  snd  v2  la  the  veloolty  tangent  at  the  lower  surface 
as  shown  in  the  figure,  then  the  strength  of  the  shoot 
would  bo  simply  (v^  -  v2).(l).  From  the  symmetry  of 
the  motion  it  follows  that  -v2  *  v^  so  that  r=  ^  r(  , 

To  state  the  result  in  a  slightly  different  way,  it  can 
be  said  that  the  velooity  immediately  sdjacent  and  tan¬ 
gent  to  a  vortax  sheet  at  a  given  location  is  eoual  in 
magnitude  to  one  half  of  the  strength  of  the  sheet  st 
that  loo at ion* 

dome  observations  will  now  be  made  oonoeming  the 

velooity  Induced  normal  to  the  plane  of  a  vortex  sheet 
t 

eueh  as  trails  from  a  wing.  __  It  will  be  assumed  that  the 
vortex  sheet  is  nou-distorted  and  lios  in  a  plane.  In 
addition  the  sheet  will  be  considered  far  enough  aft  of 
the  wing  so  that  the  flow  can  bo  treated  us  two-dimensional. 


If  PC  j)  is  th®  distribution  of  the  bound  circu¬ 
lation  at  the  wing,  then  it  follows  from  vortex  contin¬ 
uity  that  the  atrength  of  the  trailing  vortex  sheet  is 

d  P 

•  The  velocity  induced  normal  to  the  sheet 
and  in  the  plane  of  the  sheet  at  the  location  y0  is  given 
by  the  integral  expression: 


J  -  u  t 


(3.36) 


Hie  very  inportant  result  is  proven  in  the  appendix 
that  w(yQ)  is  bounded  except  at  fc  t  .  Therefore, 
the  conclusion  follows  that  not  only  does  the  minimum 
pressure  occur  at  the  edge  of  the  sheet  but  further,  that 
only  in  this  region  is  the  reduction  in  pressure  of  any 
consequence.  It  should  be  noted  that  a  special  case  of 
the  distribution  of  bound  oiroulation  exists  which  does 


not  produoe  infinite  velocities  at  the  edge.  Tills  is 
for  the  case  where  the  gradient  of  the  bound  circulation 
vaniChes  at  the  tips, 

Except  (for  this  speoial  case,  one  would  oxueot  the 
induced  velocities  at  the  edge  of  the  trailing  vortex 
sheet  to  be  severely  alterod  by  the  action  of  visooslty. 


3.210 


A  hypothetical  model  of  a  non-distortod  trailing 


vortez  sheet  is  proposed  which  avoids  the  infinite 
induced  velocities  associated  with  the  vortox  sheet  in 


purely  potential  notion*  The  nodal  Is  a  natural  exten¬ 
sion  of  Ranklne's  hypothesis  for  a  rectilinear  vortex* 
Consider  the  typleal  wing  with  Its  associated  trailing 
vortex  system  as  shown  In  figure  2.  The  vortex  shoet  which 
Is  shed  aft  of  the  wing  is  unstable  and  tends  to  roll  up 
Into  two  discrete  vortices.  The  rolling -up  process  is  an 
asymptotio  one  but  for  purposes  of  calculating  the  induced 
velocities  at  the  wing,  the  sheet  can  often  be  considered 
to  be  oompletely  rolled  up  within  a  ohord  length  or  two 
behind  the  wing}  depending  upon  the  aspect  ratio,  type  of 
planform,  and  lift  ooeffieient  of  the  wing*  The  behavior 
of  the  vortex  system  in  the  so-oalled  "ultimate  wake"  has 
been  dlsousaed  previously.  It  should  be  emphasized  that 
although  the  existence  of  a  region  of  rotational  motion 
1s  supposed,  the  fluid  is  assumed  perfeot  for,  in  cal¬ 
culating  the  klnetlo  energy  of  the  system  of  two  reetl- 
linear  vortloes,  ths  dissipative  aotion  of  viscosity  is 
ignored*  Similarly,  a  perfeot  fluid  will  be  assumed  in 
this  analysis*  Consider  the  notion  In  a  transverse  plane 
aft  of  the  wing  as  shown  in  figure  1$  where  the  vortex 
sheet  la  essentially  non-dlstorted. 

If  the  motion  were  entirely  potential,  then  the 
vortex  sheet  represents  a  surface  though  which  the  tan¬ 
gential  component  of  the  voloclty  is  discontinuous*  The 
dlreotion  of  the  tangential  voloclty  at  the  surface  of 
the  sheet  ie  as  shown  in  the  figure.  The  magnitude  of 


r'frf*- 
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on  tli*  left  half 


the  velocity  la  equal  to  4:  ^  ^ 
of  the  wing  and  -  -  ^  on  the  right  half,  For 


d  i 


the  uaual  wing*  the  magnitude  of 


la  sero 


•j  j 

at  the  mid-* pan,  lnoreaaea  alightly  outboard  and  in  the 


near  vicinity  of  the  wing  tip  beoomea  quite  large  ap¬ 
proaching  Infinity  at  the  tip.  In  a  real  fluid  where 
viaooalty  la  allowed  to  aot,  the  tangential  veloolty 
of  oourae  la  continuoua  ao  that  the  aheet  oan  be  thought 
of  aa  having  a  thiokneaa,  not  dissimilar  from  the  thlok- 
neaa  of  a  boundary  layer.  The  thiokneaa  of  the  region 
In  which  vlaooaity  predominately  change*  the  lrrotational 
form  of  the  vortex  motion  la  probably  of  the  order  of  the 
boundary  layer  thiokneaa. 

Near  the  oenter  of  the  aheet,  the  tangential  veloolty 
la  small  with  the  energy  of  that  fluid  affected  by  via- 
ooaity  being  concentrated  towarda  the  tipa.  For  the  fol¬ 
lowing  development  it  will  be  aaaumed  initially  that  tho 
rotational  motion  with  ita  energy  la  confined  entirely 
within  a  region  defined  by  a  atreamllne  of  the  potential 
flow,  Ihie  hypothetical  model  of  the  vortex  sheet  is 
shown  as  proposed  in  figure  16.  obviously  the  vortlolty 
oannot  be  assumed  to  have  a  oonatant  value  within  this 
region*  as  If  the  oaae  for  Hankins's  model  of  a  rectilinear 
vortex,  since  the  strength  of  the  vortex  aheet  varies  in 
the  y  direction.  In  the  next  aeotlon,  the  distribution  of 
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energy  along  the' width  of  the  vortex  sheet  will  be  con¬ 
sidered  with  the  subsequent  modification  of  the  relation¬ 
ships  derived  in  this  section. 

3.220  fiftigatoiOaa .<?!  ilafl&L 

The  method  of  approaoh  will  be  the  same  a  a  wan  taken 
in  the  case  of  the  completely  rolled-up  vortex  shoot* 

That  is,  the  kinetio  energy  per  unit  length  of  the  pro¬ 
posed  model  system  will  be  equated  to  the  induced  drag 
of  the  wing  in  order  to  find  the  value  of  the  streamline 
which  bounds  the  region  of  rotational  motion*  Immediately 
the  question  arises  as  to  how  to  calculate  the  kinetio 
energy  of  the  rotational  motion  within  the  bounding  stream¬ 
line.  The  energy  outside  of  the  stroanllno  oan  be  calcu¬ 
lated  by  the  method  followed  in  the  oaee  of  the  oompletely 
rolled-up  sheet  but  the  distribution  of  the  velooity  in 
the  rotational  portion  is  not  so  easily  oaloulable.  Fortu¬ 
nately  there  la  a  way  around  this  difficulty.  hVen  though 
the  existence  of  a  ragion  of  rotation  in  the  fluid  is 
being  allowed  it  has  meraly  been  assumed  to  exist  with  no 
stipulation  aa  to  liow  it  originated.  Thus  if  tills  modal 
ia  allowed  to  roll  up  into  the  syatsta  of  the  two  discrete 
vortices  each  having  an  inner  oorc  containing  tha  rortlolty, 
the  fluid  within  the  boundaries  of  the  region  of  vortlolty 
for  the  model  of  the  vortex  sheet  will  then  be  within  the 
eores  of  the  trailing  rectilinear  vortloes.  How  sines  it 
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is  assumed  that  thsrs  is  no  agont  present  for  the  dissi¬ 
pation  of  energy ,  it  follows  that  the  energy  of  the  fluid 
outside  of  the  vortox  cores  is  equal  to  the  kinetic  energy 
of  the  fluid  outside  of  the  streamlines  confining  the 
vortioity  in  the  model  of  tho  vortex  sheet. 

The  kinetio  energy  por  unit  length  of  tho  irrotatlonal 
portion  Of  the  model  vortex  sheet  is  evaluated  by  use  of 

the  expression  previously  derived  and  repeated  here, 

! 

0.37) 

The  path  of  integration  to  be  oonsidered  Is  lndioated 
in  figure  17.  The  kinetio  energy  of  the  potential  flow 
will  equal  the  limit,  as  t  approaches  zero,  of  expres¬ 
sion  (3*37)  evaluated  about  the  path  indicated. 

Consider  first  the  Integral  about  t2ie  outer  paths. 

These  paths  are  Chosen  so  tlxat  V  is  constant  along 
then.  Proa  the  symetry  of  the  problem  it  Is  evident  that 
the  stresa  function  and  along  the  left  hand  path  are 
both  tho  negative  of  the  corresponding  quantities  on  the 
right  hand  path.  Thus  for  the  outer  paths,  equation  (3*37) 
bee  ones 

k  -  J:, 

outer  '  y 

where  the  oontour  is  taken  as  the  outer  path  on  the  right 
side  of  figure  17,  Out  the  closed  llhe  integral  of  vy 
about  this  path  la  simply  the  value  of  the  bound  circulation 
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a  -  the  looation  where  the  patn  outs  the  vortex  shoot, 
liis  value  is  never  larger  than  j  therefore,  it  follows 


1  hat 


I  K>i  , 

ogT«.r 


'low  y  1$  ta'ron  to  bo  zoro  along  the  dividing 
streamline  as  s'  own  in  tlie  figure.  Thus  for  any  other 

streamline,  say  at  \  =  -  as  pioturod  then 

“  t 


J  J 


where  w(y}  is  the  velocity  induced  normal  to  the  sheet 
as  before.  Let  *=•  )  be  the  least  u  per  bound  of  w(y) 
in  the  interval  t  ,  This  exists  fr or  tho  proof  given 
in  the  appendix  that  w(y)  is  finite  except  at  the  edges 
of  the  sheet.  It  follows  then  from  an  elementary  Inte¬ 


gral  theorem  that 


i  • .  / 1  ^ i  — 


It  oan  thus  be  stated  that 


(N,  ,  :  -  ;  ■'  'hv  fc- 

From  this  it  oan  be  seen  that  as  t  approaches  zero  the 
contribution  to  equation  (3,37)  along  the  outer  paths 
vanish.  Therefore  the  path  of  integration  reduces  to  that 
shown  in  figure  18, 

The  problem  then  is  that  of  evaluating  equation  (3»37) 
along  the  path  indicated.  As  an  aid  in  describing  the 
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procedure,  positions  in  figure  16  along  tho  path  of 
integration  hare  boon  number  ad.  Thu* 


W»d~  ^  h:V  :u- 
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Along  tho  path  1-2-3  tho  atroaia  function  lo  a  constant. 
Lot  tho  ralue  of  thla  atroaa  function  bo  donotod  by  -tJ  j  *)» 
Thon  tho  firat  integral  boooiBea 

r.-ri-s4/ 1  -•>- 

I  '  l  “  “  6 

but  J  y\  d,  la  tho  ralue  of  tho  bound  circulation  at 

I- 

tho  position  1  (or  3).  If  this  raluo  is  donotod  aa 
f 1  ( ~ *)  thon  tho  first  integral  beoones  finally: 

1,.=  1*; 


Tho  tangential  rolooity  from  3  to  1+  ia 
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Tima  sinoo  da  =  dy  the  sooond  integral  oan  be  written  as: 


t  _  l  /  ,  ^  )J 

l*  ~  ~  .  1  ^  \j  ~  i  < 

~  j  j  :  J 

- .  4  *  J 

Tho  tangential  rolooity  from  4.  to  5  in  the  dlreotion 
indicated  is  also  —  ^  ^  -J  •  The  third  integral  is  thus: 


r  I  '  \  ,  •  d  I1  l  jj 

I,=  J-  t'uj  -  ^ ■  \ 
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Along  tho  path  £-6-7  the  stream  function  is  oonstant. 
If  this  Is  denoted  by  y  ( ij  *)  then  the  fourth  Integral  is  t 

s 

rH  -  vi  1*;  j'l'J- 

Dut  In  the  dlreotlon  Indicated  on  the  figure  j  ' 

5-fc- /  . 

la  the  negative  of  the  value  of  bound  circulation  at  y  , 
•ay  i 1  l  • 

The  fourth  Integral  Is  then: 

L.,  -•  •• 

In  like  manner  the  fifth  Integral  lsj  since  ds  *  -dy : 

T  '  di'M> 

I  -  ~  -  ;  1  l  jj  -  d  1 

d  -  J  d  »  J 

<  *  J 

and  the  laat  integral  is:  * 
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From  the  ayametry  of  the  problem 
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Eh*  expression  for  I  o*n  than  b*  written  a* 


I-* 


(  J  ct  P  C  t) 
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Consider  the  integral  in  the  above  expression: 

V(1)  £7%  =  K  ’(■  j;/ 'i  Jj|  3  ~  /  n  j;  j  j)u 

C  3  L  Jo  n>  J  U.j 
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Eh*  expression  for  I  then  beoomes 

I  =  2  \  rt  JJ  a  1" 'j 

O  J 

Bow  if  w(y)  denote*  the  induced  velocity  in  the 
-s  direetion  at  any  point  on  tho  y-axis,  then  front  the 
definition  of  the  stream  function 

d  V  li) 


a  J 


=  t\JJ 


The  final  expression  for  the  kinetic  energy  for  the 
irrotatlonal  motion  outside  of  tho  streamline  which  inter- 

sects  the  y-axis  at  j*  is  simply 

1 1  * 


K,  =  j:  i' J  J 


(3.30 
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This  expression  allows  of  a  simple  physical  inter¬ 
pretation.  Since  w(y)  is  the  downwash  in  the  ultimate 
waket  the  downwash  at  the  plane  of  the  wing  will  be 

^  Cm) 
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.  The  Kutta-Joukowski  Law  states  that 

T-f  n 
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where  t  P  •  forou  veotor 

V  ■  rtlooity  veotor 
r  s  olro ulatlon  veotor 

Applying  the  Kutta-Joukowakl  Law,  tha  Induced  drag 
on  a  differential  length  of  wing,  dy,  la  given  by 

.  *  ,  i».-i  \)  „ 

d  35 /'  ^7  1  ^  j;  J  j 

♦  »  ; 

Thua  expression  (3*36)  can  be  seen  to  be  equal  to  the 
lnduoed  drag  contributed  by  that  portion  of  the  wing  be- 

4 

tween  -yu  and  y*.  If  j'1  la  allowed  to  approach  b,  then 
thla  eonatltutea  a  proof  that  the  kinetic  energy  per  unit 
length  of  the  vortex  ayatam  la  equal  to  the  lnduoed  drag. 

Mow  the  kinetic  energy  of  the  irrotatlonal  notion 
out aide  the  oorea  of  the  xaodel  of  the  completely  rolled-up 
vortex  cheat  can  be  cxpreaaed  aa  the  difference  between 
the  lnduoed  drag  and  the  kinetic  energy  within  the  oorea. 
Thia  olrounventa  the  neoeealty  of  oaloulatlng  the  oore 
radlue  alnoe  the  klnetlo  energy  in  the  ooree  wae  ahown  to 
depend  only  upon  the  atrength  of  the  vortices,  Thla  energy 
was  developed  earlier  aa: 

Kr  - 
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Thus: 
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Squat lag  (3*36)  to  the  above  gives  finally  the  Integral 
relationahlp  for  y**> 

A* 


p j  =  L;  - 

o 

The  above  equation  oould  alto  be  written  aa 


(3.39) 
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For  a  given  distribution  of  bound  olroulatlon,  It 
is  new  possible  to  determine  the  region  in  whioh  the  rota¬ 
tional  flow  la  as  suited  to  be  oonfined.  The  expression  for 
the  downwash  wps  given  previously  as 

b^d-i 

uA io)=  )  J-i- -  (3.41) 

The  stream  funotion  for  a  vortex  in  lrrotatlonal 
isotion  at  the  origin  1st 
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+  \ 


j  ; 


For  the  vertex  o entered  at  y  the  stream  funotion  at  y0 
along  the  line  s  ■  0  where  j  /  ^  !•: 


The  at: 


v  ivA-f,  ioj  Vs.-  ij J 

funotion  outside  of  the  vortex  sheet  is  found 

b  ^  . 

- 1  J 


(3.42) 
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The  prooedur*  then  la  to  calculate  w(y)  glvan 
P  I'd)  •  Than  by  application  of  (3.39)  or  (3*40)  tha 
value  of  ytt  can  ba  found.  Ilia  value  of  V  (  jV  la  than 


ealeulatad  fro* 
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(3.43) 


But  thie  atraanllna  for  whJLoh  tha  stream  funotlon  ha  a  tha 
value  y  ('-]*>  la  alao  tha  atraanllna  defining  tha  outer 
extrcnity  of  tha  rotational  flow,  V  \  j  *j  la  thua  equated 
te  (3.42)  In  order  to  find  ,  tha  looatlon  of  tha 

edge  ef  the  region  of  the  rotational  flow,  Tha  veloolty 
at  thla  point  la  then  determined  from  (3* 51  )• 

,3.230  Modification  xAia  to  tha  hiatributlon  of  ujc  Stem 
to  tot  YffrtfJi 

Since  tha  growth  of  the  region  In  the  vortex  sheet 
la  which  viaooua  foreea  predominate  doaa  not  naoaaaarily 
follew  the  atreanllnaa  of  tha  potential  flow  pattern,  tha 
artifice  of  aaaumlng  the  rotational  motion  to  ba  oonflned 
within  a  atraanllna  mat  be  modified  In  order  to  ba  appli¬ 
cable.  Conjecture  must  ba  made  aa  to  tha  ehape  of  tha 
actual  cheat,  Allowing  for  tha  action  of  viaeoelty 
throughout  ita  breadth,  tha  atreamll me  pattern  of  a  typical 
trailing  vortex  cheat  will  appear  ae  shown  In  figure  19. 

I be  dashed  lines  warning  horlaontally  Indicate  tha  region 
a  lees  to  the  plane  of  the  sheet  In  which  tha  viscous  forces 
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predominate,  For  the  take  of  description,  this  region 
la  ahown  considerably  thloker  than  It  actually  is.  Also 
lndloated  by  daahed  lines  are  the  positions  of  the  stream¬ 
lines  of  the  irrotatlonal  motion  before  aoted  uj>on  by 
viscosity* 

How  of  oourse  what  la  aotually  desired  in  figure  19 
la  the  value  of  the  streamline  V,  ,  which  outlines 
approximately  tlie  rotational  flow  around  the  edge  of  the 
sheet.  However,  sinoe  the  energy  of  the  core  of  the 
relled-up  vortex  includes  the  energy  of  rotational  motion 
both  inside  and  outside  of  V,  ,  it  follows  that  by  the 
procedure  as  outlined,  a  value  of  the  streamline  will  be 
obtained  which  encloses  the  streamline  'V.  •  In  order 

to  obtain  the  ralue  of  V,  ,  the  energy  of  the  irrotatlonal 
motion  mat  be  taken  as  equal  to  the  sum  of  the  energy  of  the 
actual  Irrotatlonal  motion  as  obtained  from  the  rolled-up 
sheet  and  the  energy  of  the  rotational  motion  outside  of 
V,  ,  Thus  it  is  to  be  expected  that  lower  values  of 
the  minimum  pressures  will  be  obtained  in  praotloe  than 
are  predieted  here.  On  the  other  hand  it  would  seen  reason¬ 
able  to  expeet  that  predictions  baaed  on  the  bounding  stream¬ 
line  would  be  qualitatively  indicative  of  the  resulta  ob¬ 
tained  from  V,  ,  The  experimental  results  to  bs  discussed 
liter,  indicate  however  that  the  energy  of  the  inner  region 
sennet  be  neglected  if  quantitative  predictions  am  to  be 
node. 
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For  on  insight  into  the  behavior  of  the  Inner  region 
of  tfaie  eheet  application  will  be  aede  of  the  Kixmin 
nonantun  integral  equation,  given  in  referenoe  (13)*  for 
the  boundary  layer.  It  i«  realised,  in  view  of  the  tur¬ 
bulent  nature  of  the  flow  behind  a  wing*  that  the  results 
of  suoh  analysis  will  only  be  qualitatively  indicative  of 
the  aotual  case. 

Consider  a  portion  of  the  vortex  sheet  as  shown  in 
figure  20.  Along  the  outer  edge  of  the  "boundary  layer," 
the  velooity  will  be  denoted  ai  U,  .  For  a  vortex  sheet 
of  constant  strength  and  infinite  extent,  the  velooity 
Induced  tangent  to  the  shoot  is  constant  away  frota  the 
sheet  end  is  equal  to  one  half  the  strength  of  the  sheet. 
Thus,  if  the  thiokness  of  the  sheet  pictured  in  figure  19 
is  snail  as  oostpared  to  its  breadth  and  if  the  spanwise  gra¬ 
dient  of  the  strength  of  the  sheet  is  not  too  great,  then 
in  view  of  the  infinite  sliest  the  approximation  appears 
justifiable  that  the  velooity  is  equal  to  one  half 
the  strength  of  tho  shoot,  duoh  an  approximation  should 
bold  exeopt  in  tho  rogion  of  tho  odgs  of  the  sheot.  Tho 
thiokbese  of  tho  layer  will  be  denoted  by  k  as  indicated 
on  tho  figure.  The  general  velooity  distribution  through 
the  layer  will  be  denoted  as  u.  If  x  is  the  direction 
along  tho  sliest  in  the  direction  of  tho  velocity  end  y  is 
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t too  outward  diroot  ion  normal  to  tho  shoot,  thon  tho 
momentum  oquation  statoa 

1  ■**  4A 

SJ 

where i  c • 


(3.44) 


e»  I J  (i  )  d'j 

°  1  x  *  >  J  •  notaentum  thiolmeaa 

■»  j  "  a  J  <:i  j  *  diaplaeomont  thioknoss 

O 

If  all  dlatanooa  in  tho  abovo  expressions  are  made 
dimensionless  ^/ith  rospoot  to  tho  semi -breadth  of  tho 
sheet,  b, and  all  velocities  with  roapoet  to  tho  reforenoo 
▼olooity. 


c? 

b  *■ 

form  of  tho  Tolooity  distribution  ~  ia  indopondont 
of  x,  tho  oquation  (3,44)  can  bo  writ  ton  aa 


.and  If  further  it  is  assumed  that  tho 
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and  ail  length*  end  the  velocity  u,  eve  dimensionless 
ee  previously  preeorlbed,  Slnoe  the  strength  of  the 
sheet,  sad  thus  u,  ,  is  known,  the  equation  (3.45) 

Is  of  the  fern 
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This  Is  a  common  linear  differential  equation,  the 
solution  of  vhioh  Is  given  in  olosed  form  as 


pdx 


-  j  P  rt  A 
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K  being  the  constant  of  Integration 
and  Q  can  be  seen  to  be 
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The  funotion  f( >^ )  should  be  Chosen  so  that  f(l)  s  1 
and  Its  derivative  at  the  edge  of  the  layer  Is  equal  to 
that  of  the  lrrotatlonal  flow,  since  this  derivative 
varies  along  the  sheet,  for  pm* poses  of  qualitative  analysis, 
the  fOnotlon  will  be  selected  on  the  sane  basis  as  for  uni¬ 
form  flow  over  a  flat  plate.  This  discrepancy  In  the 
derivative  should  net  seriously  alter  the  results  of  the 
analysis  dnoe  for  an  Infinite  vortex  sheet  of  constant 
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strength  this  would  bo  ex&etly  the  ease*  If  f(  )  la 
then  ohoaen  of  the  fora  4(|J =  fly  *  &  y  z  to  satisfy 

■f (o)  *  o  ,  4(0  =  1  t  V'(0  -  •  then  the  final 


funotlon  beoonoat 
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Fbr  thle  dlatrlbutlon 
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Thua  equation  (3.55)  oan  be  written  a a 
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The  total  klnetlo  energy  per  unit  length  of  the 
vortex  sheet  in  the  boundary  layer  of  the  aheet  between 


•X  and  x  oan  be  found  aa 
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In  terns  of  the  dinenelonleas  quantltlea  prevloualy 
enployed,  this  oan  bo  rewritten  aa 

KBL=  jj  +  lVi  <3.5X1 


Sow®  of  tho  uncertainties  involved  in  thla  develop¬ 
ment  will  bo  olrouarented  now  by,  in  of  foot,  nomalixing 
tho  problem*  mot  la,  tho  dxpreaalon  (3*51)  will  bo  uaed 
only  to  eotlmate  tho  distribution  of  tho  onorgy  in  tho 
rotational  notion  of  tho  vortox  ayaton.  For  thla  purpoao 
a  footor  ^  &  ( >0  ia  def inod  by 

j  ^,4(Rp 

h  (x;-=u  £ _ _  .  _  (3.52) 
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Hhm  Kp  i  1*  obtain**  fro*  aquation  (3.1*9). 

TO  find  tho  onorgy  of  tho  rotational  notion  between 
x  and  -x,  tho  onorgy  between  x  •  1  and  -1  ia  multiplied 
by  (*)  •  Thu*  o<l«ationa  (3*39)  and  (3,40)  will  give 

more  oloaely  tho  inner  location  of  the  streamline  V,  , 

v 

in  figure  19  if  they  are  modified  to  road 
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The  quo  at  ion  now  ariaoa  aa  to  how  to  determine  tho 
proa  euro  drop  through  tho  region  of  rotational  flow.  In 
order  to  determine  thio  drop,  tho  distribution  of  tho 
voloOlty  in  tho  region  of  rotation  aaiot  bo  known,  since 


the  steady  nodal  of  tha  vortex  sheet,  aa  In  the  oaaa  of 
Rankins '•  model  of  a  vortex  la  a  violation  of  the  equa¬ 
tions  of  vifoous  motion  (in  a  viscous  fluid*  the  vor- 
tlolty  was  shown  to  be  a  function  of  tine)  a  continuous 
solution  of  the  equation  of  motion  cannot  be  expeoted. 
However*  the  equations  of  motion  can  be  considered  fox* 
the  region  of  rotation  distinct  from  the  irrotational 
flow  with  conditions  at  the  boundax*y  being  ignored.  If 
tiie  streamlines  for  hjl  >  b  in  the  x*otatlonal  motion  of 
the  Sheet  are  assumed  to  lie  on  oiroles  ooncantrlo  about 
the  edge  of  the  sheet*  then*  as  in  the  oase  of  the  vortex 
core*  the  v  component  of  the  velooity  would  be  given 
closely  by  >^r  ,  From  consideration  of  the  equations  of 
motion*  this  assumption  appears  valid*  at  least  for  small 
values  of  r.  At  the  boundary  of  the  region  the  velooity 
Is  to  be  continuous  and  equal  to  the  velooity  of  the  irro¬ 
tational  motion  at  that  point. 

Under  these  conditions  the  pressure  drop  through  the 
region  of  vortlolty  will  equal  the  drop  through  the  region 
of  irrotational  flow.  Thus  Is  equals  the  velooity  at 

(°z  %)  then  the  minimum  pressure  coefficient  for  the  model 
Of  the  vortex  sheet  will  be  given  by 
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To  tho  approximation  of  a  lifting  line,  the  elliptio 
distribution  la  readily  applicable  to  the  theory  just  de¬ 
veloped  for  the  non-distortod  sheet.  For  an  elliptio  wing 
the  distribution  of  bound  olroulatlon  is 
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If  this  distribution  of  olroulatlon  is  substituted  into 
equation  (3*41)  for  toe  downwash  velocity,  then  it  will 


be  found  that 
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The  induo ed  drag  for  this  oase  is  calculated  ast 
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(3.56) 


while  toe  mid-span  value  of  the  olroulatlon  Is  related 
to  toe  wing  lift  coefficient  by 
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For  this  particular  sue,  it  la  aoaumhat  easier  to  uaa 
expression  (3,54)  for  determining  jn.  If  (3,59)  is  sub- 
•tituted  Into  expression  (3*54)  then  the  reault  reduce*  to 


where 


dA^n 


X*- 


‘1 
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or 
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(3.61) 
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The  funotion  *}  {*)  oan  be  found  by  integrating 
aquation  (3,49)  with  given  by 


u  =  L 


A 

-  A  - 


and  subjeet  to  tha  eondltion  that  K  r  *  la  bounded. 

The  solution  to  aquation  (3,61)  will  then  be  found  a a 

4  *  =  #  ri  J  1  b 

O 

Tha  stream  funotion  at  y<:  oan  be  found  easily  by 
Integrating  the  constant  value  of  the  downwash  from  0  to  y-' 

vw-  r  t--  (3.62) 

If  the  r1  distribution  given  by  (3*56)  la  sub¬ 
stituted  into  expression  (3*42)  for  the  stream  function 
for  yj>  bf  then  upon  Integrating  the  restating  equation 
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it  will  ba  found  that 


.  .  r;  /  j 

V  =  r-1  - 
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Equating  tha  above  to  V  i.  \*s  givea 
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(3.63) 
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This  than  it  tha  outar  Unit  of  tha  region  of  ro¬ 
tational  notion  for  an  elliptic  wing.  Tha  dovnwaah 
velocity  at  thia  looc.ti.on  oan  ba  found  from  l 3.57b)  aa 

U-HJ  -  f\.4V  (3.65) 


Tha  mlnlaun  praaaura  ooaffloiant  for  this  oaaa  by 


▼Irtua  of  axpreaalona  (3.55)  and  (3.65)  la 


d'-L  I 


(3.66) 
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This  axpraaalon  has  boon  avaluatod  for  tha  elliptic 
winga  of  aapaet  ration  4*  7*  and  10. 2  with  tha  raaulta 
given  in  flgura  (21),  Jfor  oocoparlaon  purpoaoa,  tha  axpar- 
laantal  data  obtalnad  for  thaaa  winga  ara  alao  lnaludad. 
Although  tha  agreauent  la  oonaldarably  bat  tar  than  for  tha 
aaaa  of  tha  roll  ad-up  vortex  akeat,  tharo  ara  atlll  apprao- 
labla  dlffaranoaa  batwaan  tha  pradletad  and  axpar lnont al 
raaulta  aa  la  obvloua  from  tha  flgura. 
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?,',00  ■ -’^iiQuaBlon  -Loorotlc  1  oatulutlona 

_L*i  lliltin^  cases  of  u  conpletely  rolled-up  vortex 
■Loot  and  a  non-distoi’tod  voriox  sLcei  ‘  ~vo  bean  oonsic erod 
iron  u  strictly  tLoorotioul  serso.  tinicino's  i  /pot-3.esls 
tLot  tJ'O  varticit  •  is  container  viv  in  :  siujarf i.-.o  o: 
v  the  lx*rotat  loital  n.o  t  ion  Las  noon  oxlondod  to  f  o  i.’oa «;  ur.it 

of  tl:o  non-diatortod  s*  oot  • 

k  nr.  lor  ruostlon  in  th«3o  t.l  oorct  ler  1  uovL.o'.y.onta 
concerns  tho  fowl  of  vhe  velocity  uistri.-rt  lu.-i  in  Lo 
region  of  rotational  notion.  -.viousV„.  t  o  i  rone:  lx  of 
ait:  or  IL  .ix-lay  cuSu  ...s  a  Suo..<_  too  «.!:  o.s  Lo.  .0*1  ’fix/  ii. 
itself  violatos  t'.e  luus  of  notion  o'  a  viscous  fir  id, 
Lovrover,  once  tne  : ;oc„ol  is  ceta..-lio  on,  detow  .i  avl  m  of 
its  go raotry  to  satisfy  tl.o  oua  yy  cousins rations  s  ould 
proa  ice  ro suits  iu  a  'vea .civl  ••.it'.,  t.o  ;;  ysici.il  case.  *o 
illuatruto  tils  point  further  fo.  c  pros  on*.  case,  cori- 
ol-ox*  ti  e  rolled--’..*  vorto;:  o.'  oat  onco  a,. at...  If  uuyL 
vloro  is  oor.o  ni’>;’i:ona  for  aen  n  'r.y  v.  ccn3wCc:  •  va  rue  of 
t*.e  vorticl-c;  in  tie  coro  in:  vio-  or*  t  .o  t;  cv  t  m  at 
least  tie  ocuacions  of  notion  arc  cat isiiod  loca! Ly#  f  t 
would  apooi.l  ran  to  pi  'Sicei  ini uitio  ■  Lo  us-  a  velocity 
profile  fo;  wl.icL  not  o-'.y  la  t  «>  voiooit;,  itsoff  but  also 
its  first  derivative  c.r  •fir.uoua  t  o  nine  a  .  o  co?  e. 

to  so-;  vLut  offoo  t'-.o  fcolucti  o :  t  h  vo-veity 
profile  in  tie  coro  uas  upo*.  f  o  >x»odic:  ion  oJ’  i  c  :.irL' 
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pressure  the  following  oaloulations  were  performed,  As- 
sums  ths  velooity  in  ths  core  to  bo  given  by 


^  =C,r  ^ 


(3.67) 


This  is  the  form  of  the  veloolty  whloh  is  lndlosted 
by  the  first  two  terns  in  the  expansion  of  Lamb's  solution 
for  smell  values  of  the  radius.  and  are  oonstants 
to  be  determined  from  the  oontinuity  of  the  velocity  and 
its  derivative  at  the  edge  of  the  oore  with  the  velooity 
of  the  lrrotational  motion  outside  of  the  oore. 

Without  going  into  the  details  of  these  calculations. 


the  expression  for  the  velooity  beoomes 


f 


i  /  r  \  ~ 
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(3.66) 
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The  pressure  drop  throve  the  oore  for  this  velooity  dis¬ 


tribution  oan  be  oaloulatod  as 


P  -  p  = 

it  '  ^ 


*  r 


(3.69) 
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The  kinetlo  energy  per  unit  length  of  the  fluid  motion 
within  the  oore  would  be 
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(3.70) 


If  this  expression  for  the  kinetlo  energy  of  the  oore 
le  used  in  plaoe  of  expression  (3*«-5)  then  the  expression 
for  the  sore  radius  (3.30a)  will  read  , 

a  b'fr, 
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If  the  elliptic  vine  1»  ©onaidered,  the  oore  radiue 
It  found  to  bo  a  •  ,2695  b,  The  minimum  proaauro  ooef- 
flolont  to  prodlotod  to  bo: 
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(3.71 


The  minimal  proa  aura  ooofflolent  for  the  elliptlo  wing 
aa  cutting  a  linear  variation  of  the  veloolty  in  the  oore  la: 
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Thua  It  ean  be  aeon  that  even  though  two  extremely 
different  fowns  of  the  veloolty  distribution  in  the  oore 
were  assumed,  the  eonalderationa  of  klnetlo  energy  deter- 
ariLned  a  value  of  the  oore  radlua  in  eaoh  oaae  ao  a a  to 
produce  predloted  minimal  preaaurea  wiiioh  vary  only 
slightly  from  one  another* 

Attempts  to  improve  upon  the  reaulta  of  the  theory 
of  the  non-diatorted  vortex  ahoet  have  not  proven  fruitful. 
Although  the  treatment  bated  mainly  on  the  relatlonahlp 
between  the  Indue ed  drag  of  tho  wing  and  tho  klnetlo 
energy  of  the  vortex  ahoet  nogleete  any  effeet  on  the 
vortex  ahoet  of  the  boundary  layer  developed  on  tho  wing 
or  the  effeet  of  tho  turbulence  generated  by  the  wing,  it 
la  dlfflault  to  aee  how  thaae  ean  be  aooounted  for  theoret¬ 
ically*  It  wae  Motioned  earlier  tint  a  solution  of  the 
Kevler-o tokea  equations  satisfying  the  boundary  condition# 
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Which  the  wing  imposes  would  bo  desirable'  but  ©von  here, 
the  results  would  be  questlonoblo  due  to  the  turbulent 
flew.  Because  of  theso  reasons  It  was  deolded  to  develop 
*  sami-empirlcal  approach  which  would  furnish  engineering 
answers  to  the  problem*  Before  presenting  this  develop¬ 
ment  however  It  would  be  well  to  discuss  the  experimental 
investigation  and  Its  results* 
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i4*ooo  muu&mtol  tertiUBiltoa 
4*ioo  aiiU  at  ittcul latito 

It  mi  asntlonsd  aarliar  that  tha  phpblem  of  tha 
minimal  praasura  in  a  trailing  vortax  syststn  la  important 
in  aoansotioa  with  vortax  oarltation  of  marina  propallars. 
It  la  this  aama  phanomanon  of  oavitatlon  whioh  was  uaad 
in  tha  axparlmantal  lnraatigation  to  dstaraln#  tha  mini¬ 
mum  praasura  in  tha  vortax  ayatarn,  It  might  ba  wall, 
baiters  gat ting  into  a  dsaorlptlon  of  the  aotual  axpari- 
maat,  to  dlaauaa  briafly  tha  phanamanon  of  oavitatlon* 
Cavitation  will  ooour  at  a  glvan  point  in  a  flow 
of  liquid  whsmsvar  tha  local  atatlo  praasura  at  that  point 
la  raduaad  to  a  praasura  aqual  closoly  to  tha  vapor  prsa- 
sura*  Cia  axaat  praasura  for  tha  Inception  of  oavitatlon, 
aoaotlaaa  rofsrrod  to  aa  tha  aritioal  praasura,  although 
alosa  to  tha  vapor  praasura  dapanda  aoaswhat  upon  tha 
stats  of  tha  liquid*  This  is  apparsntly  dua  to  tha  sur- 

4 

faaa  tana ioh  whioh  prsvonts  tha  growth  of  oavitatlon 

a 

bubblss  unlass  nuolsi  ara  prasont  about  which  tha  bubblaa 
aan  form*  Unlass  a  spaalal  sffort  has  baan  mads  to  raduoa 
tha  air  eontant,  howavar,  tha  oritleaJL  praasura  and  vapor 
praasura  ara  nsarly  idantlaal*  It  will  ba  aasumsd  that 
aush  is  tha  aaaa  for  this  axparlnsntal  invaatlgatlon* 

Tha  aariaa  of  photographs  of  f iguro  (22)  illustrato 
tha  —««***"  in  whioh  oavitatlon  la  uaad  to  dstsrmlna  tha 
praasura*  In  thasa  photographs  watar  is  flowing 
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Hit  ft  hsedgphsrloal  ness,  In  the  first  photograph, 
either  the  velocity  1«  great  enough  or  ths  frss  stream 
•title  pressure  lft  sufficiently  low  so  that  th*  loeal 
static  proftftura  at  the  Junoture  of  th*  hemisphere  with 
th*  cylindrical  afterbody  haft  deor  eased  to  tbo  raluo  of 
th«  vapor  pressure,  In  this  instance  vapor  pressure 
exists  over  a  ftonaldarabla  region  of  the  nose  with  the 
r— lilting  cavitation  oo curing  over  quite  a  brpfd  band, 

Xa  tbo  second  picture,  the  velooity  has  been  decreased 
or  tbo  free  stream  static  pressure  Increased  so  that  the 
saining  cavitation  is  not  as  pronounced.  In  the  third 
photograph  the  free  stream  conditions  arc  such  that  only 
the  snallest  Mount  of  oavltation  remains,  If  the  free 
ctrccm  velocity  were  decreased  slightly  or  tho  free 
streeei  static  pressure  increased  a  snail  aneunt  than 
this  sevltatlon  would  disappear  altogether. 

Now  suppose  that  p^  and  are  the  free  stream 
pressure  end  velocity  respectively  at  which  the  cavita¬ 
tion  juit  disappears,  Pbr  these  particular  values  then 
it  is  known  that  the  minimum  pressure  along  the  body  is 
located  at  the  point  where  the  cavitation  had  been  present, 
end  farther  it  jL*  known  that  this  minimum  pressure  is  equal 
to  the  vapor  pressure.  The  minimum  pressure  ooeffloient 
sen  then  be  calculated  as 
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Thus  the  minimum  pressure  coefficient  oan  be  determined 
for  the  body  from  observation  only  with  no  recourse  to 
direot  measurement. 

On  a  body  such  as  timt  Just  considered  the  direct 
measurement  of  the  min ’mum  pressure  is  not  too  difficult. 
For  a  trailing  vortex  .owever  whoae  location  is  rather 
unstable,  the  advantage  of  determining  the  minimum  pres¬ 
sure  by  observing  the  cavitation  at  the  center  of  the 
vortex  is  apparent,  actually,  it  is  diffioult  to  see 
how  the  minimum  pressure  would  be  measured  directly  in  a 
vortox  in  view  of  the  velooity  ulatribution  about  the 
vortex. 

It  is  standard  practice  in  hydrodynamics  to  defino 
the  atate  of  a  given  flow  with  regards  to  oavitation  in 
terms  of  a  parameter  known  ae  a  cavitation  index.  This 
parameter,  denoted  by  CT  ,  is  defined  as 


CT  * 


P-  P, 

kp^ 


(h.l) 


The  particular  value  of  this  index  at  which  cavitation 
just  bagins  is  known  as  the  critical  cavitation  index, 
denoted  by  <5^  .  observe  that  tho  minimum  preeaure 

coefficient  is  tho  negative  of  6\r  ,  If  the  operating 
Index,  CT  ,  la  groater  t  urn  o*Cr  then  cavitation  will 
not  be  present  while  if  Is  lec3  than  CT^r  thon  the 

pressure  will  be  less  than  tie  vapor  pres' uro  and 
osivltatlon  will  occur. 
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4*200  auk  SBItoMHl 

The  purpose  of  tho  experimental  investigation  was 
to  dotomino  tho  variation  of  tho  minimum  pro •  aura  in 
tho  trailing  vortox  system*  of  elliptic,  root angular 
and  dolt*  wings  as  a  function  of  aapoot  rntio,  anglo  of 
attack,  and  Reynolds  number,  These  rooulto  oould  than 
bo  uaod  to  compare  with  any  thoorotloal  prodiction*  or, 

*0  lo  don*  later,  bo  uaed  aa  the  baa  la  for  a  «er  d-**apir- 
leal  development.  Deterrlnation  of  these  minimum  pres¬ 
sures  wm  accomplished  by  observing  the  oavltatlon  In 
the  trailing  vortox  system*  of  families  of  elliptic,  rec¬ 
tangular,  and  dalta  a  seal -wings  mounted  In  tho  Garfield 
Thorns  Water  Tunnel.  This  tunnel  is  a  faolllty  of  the 
Ordnauee  Research  Laboratory,  oparated  by  the  College  of 
jfaginserlnc  end  Architecture  of  The  Pennsylvania  Jtate 
University  under  contrast  from  the  U,3,  Navy  Bureau  of 
Ordnance. 

A  eketoh  of  the  Garfield  Thomas  Water  Tunnel  la 
given  in  figure  (23 ) •  This  tunnel,  with  a  capacity  of 
100,000  gallons,  hao  a  four  foot  diameter  oiroulsr  tost 
eeetlo 6  with  a  length  of  14  feet.  The  test  seetlon 
VOloalty  la  eontinuously  variable  up  to  a  maximum  velooity 
of  eighty  feet  per  seoond.  The  statio  pressure  at  the 
eon ter line  of  the  tunnel  is  variable  from  three  to  sixty 
pounds  per  square  lnoh  Absolute. 
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A  diagram  of  tho  toot  equipmmt  mounted  In  the  tunnol 
toot  oootion  eon  bo  ooon  In  figure  (24).  a  four-by-four 
foot  folio  floor  divides  too  tool  oootion  along  tho  horl- 
sontol  diameter.  Thio  false  floor  is  supported  in  tho 
center  by  a  largo  strut  and  at  tie  middle  of  tho  loading 
and  trailing  edges  by  smaller  struts  fabricated  frost  elli¬ 
ptical  tubing.  At  tho  oldest  the  floor  is  attaohod  to  tho 
tunnol  vails  with  lengths  of  angle  iron.  Tho  largo  o enter 
strut  is  hollow  with  a  shaft  running  up  through  it  to  a 
turntable*  Mounted  on  this  turntable  projecting  vertically 
into  tho  flow  ie  the  semi-wing  shape  to  bo  tooted*  Since 
tho  false  floor  lies  on  tho  dividing  streamline  of  tho  flow 
about  tho  wing,  except  :  or  tho  boundary  layer  of  tho  plate 
tho  flow  about  tho  semi-wing  will  bo  unaffected  by  tho 
presence  of  tho  floor* 

figure  (25)  lo  a  sketch  showing  tho  arrangement  for 
turning  tho  wings.  A  worm-wheel  lo  fastened  to  tho  end 
of  tho  shaft  from  the  turntable.  This  wheel  le  driven 
by  a  uona  gear  such  that  ten  turns  of  the  goer  produces 
about  30  degrees  trsvel  of  the  wing*  Attached  to  the 
shaft  which  drives  the  wing  la  s  potentiometer.  This 
potentiometer  is  eoimeeted  in  on  setlve  leg  of  s  bridge 
circuit.  A  diagram  of  this  olrouit  is  given  in  figure  (26). 

*  This  le  a  olrouit  vhloh  was  used  to  determine  the 
angular  position  of  the  wing.  Angular  calibrations  of 
tha  circuit  wore  performed  frequently  during  the  teats*. 
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These  calibration*  are  porforaod  us  follows.  Aim 
assumed  sero  lift  line  is  marked  on  tho  base  of  ouch 
wing,  A  protractor*  is  lined  up  with  a  sorloe  lino  do- 
fining  tne  diroctlon  oi‘  tho  undisturbed  flow  in  the 
tunnel,  Then  'the  wing  is  set  to  the  limit  of  its  angular 
travel,  ith  tire  potentiometer  »  set  to  a  fixed  reading, 
tho  potentiometer  . »  is  adjusted  so  that  the  rtilliajanoter 
reading  is  zero,  i.:o  angle  of  the  wing  is  then  o;  tanged 
about  two  degrees.  ;he  setting  of  tho  potentiometer  1> 
is  then  recorded  which  is  nocoscar;  to  once  again  zero 
tho  ertiotor*  this  procedure  La  norfon'.od  over  the  angular 
travel  used  in  tho  tests,  _>;e  result  o  g-.-.o  calibration 
is  a  graph  of  the  angular  position  o  '  f  e  wing  as  u  func¬ 
tion  01’  tire  sotting  of  vwo  )otontioijotor  ■>  for  a  fixed 
setting  of  potentiometer  ...  -uoh  u  calibration  13  given 
in  figure  (2 7J.  f ho  notaoa  of  uttac  inn  tho  wings  to  t>  o 
turntable  was  i*olativoly  simple,  «  flango  at  tho  baso  of 
the  wing  snapos  fits  into  a  nillod  recess  in  the  turntable, 
a  covor  piato  then  slips  down  o/or  the  flange  and  is  bolted 
down  flus.i  with  the  surface  of  the  false  floor. 

there  wore  nineteen  wings  tea  tod  altogether,  for 
mm  of  notation  tneae  wings  worn  given  wi  identifying 
number,  -lie  numb  ore  una  descriptions  of  win,  a  are  listed 
in  table  (I), 

•/ing  number  1  wo*  Manufactured  to  3Xtrot~sly  close 
tolerances  by  the  loolinioal  . orvlceo  dory oration  of 


i 


far  all  af  tha  wings  waa  prohibltiva  howawar*  to  that  It 
waa  daaidad  to  naahlna  and  hand-finish  tha  rast  In  tba 


wutar  Twnnal  Maahlna  ohops.  In  ordar  that  tlia  affaat  of 
namfaaturlng  dlffaranaaa  night  bo  datarwinad*  at  laaat 
la  put,  wine  znaabar  10  waa  sal  art  ad  to  hart  tha  iim 
planfcom  ahapa  aa  tha  flrat  wing*  iXcrlng  tha  ooursa  of 
tha  amorlwnt  howrrar,  a  apaoial  pro  filar  waa  install  ad 
la  tha  Watar  Tuaanal  Muhina  shop*  to  that  it  waa  paatlbla 
ta  naahlna  aotaa  additional  wings  aaaurataly  uaing  parti- 
aolar  stations  of  wing  msabsr  1  aa  tha  tanplataa,  A  photo- 
graph  ropawantativo  of  tha  wings  whiah  war#  tastod  la 
shown  in  flgura  (28 }* 
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3ha  wing  to  bo  toatod  la  f^rat  npuntad  on  tha  turn- 
tibia*  A  aallbratlan  for  determining  tha  aagular  position* 
aa  pvwrloualy  dasaribad,  la  than  parfonnad*  Following  this 
tha  hatab  aovar  la  plaaad  on  tha  taat  saatlon  and  tha  tun- 
aal  fill ad*  Aftar  filling*  the  Haisa  praelalon  typo  pras- 
anra  gagas  whiah  raad  tha  taat  aaation  praaauro  and  a  war- 
oury  MMMMMtar  whiah  raads  tha  praaaura  drop  aaroaa  tha 
naaala  aaiat  both  ba  blad  ta  rsmora  any  air  antrappad  In 
tha  liana*  Aiao  a  naraury  bavonatar  raading  la  takan  and 
I  tha  Bala#  gaga  adjuatad  to  raad  tha  aorvaat  abaoluta  pros- 

aura*  with  thaaa  pawllninary  aurranganants,  tha  tasting  la 
raady  ta  bagln* 


4 


0  Ihe  tuned  la  started  and  the  till  section  velocity 


Mi  fteaeure  IN  HU»  desired  value*.  Next  the 
iriMS  Mil*  1*  increased  until  cavitation  in  the  tip* 
vertex  Mmh  proaiinsnt,  On  angle  i«  than  gradually 
deSTCCiad  to  the  point  where  the  last  trace  of  cavitation 
just  disappears.  At  this  condition  reedinga  are  taken  of 
the  nan— i» ter  drop  aeroae  the  nestle*  the  teat  eeetion 
pressure#  the  ueter  temperature  and  the  wing  angle* 
with  the  velocity  held  constant,  the  preeaure  la 
Changed  and  the  — •ecedure  la  repeated*  Share  ie  a  definite 
reeaan  far'  an— curing  the  gagle  at  Whish  the  cavitation  Juct 
diaappeari  rather  than  that  at  Mhich  it  begins*  The  data 
obtained  la  catch  mre  eons  latent*  In  general i  the  angle 
at  which  cavitation  begins  le  aonewhat  greater  than  the 
angle  at  which  it  disappears  and  la  net  as  repeatable  aa 
the  latter  angle*  This  la  apparently  due  to  tho  fast  that 
f> '  the  a—dtatien  itaaif  aepplie#  the  necessary  nuclei  in  the 

fane  ef  Minute  air  bubble*  about  which  the  earl  tat  loo 
babble*  fornj  whereas,  with  ne  cavitation  pveaent,  the 
IlMUpttaw  ef  eavitetion  1*  aonewhat  of  a  atatlatlaal 
preaaaa  depending  upon'  the  preeenee  ef  randan  nuelal.  This 
bahevier  la  aharacteriatl*  ef  neat  eavtietien  phen—aena* 

Aa  opted  previously*  each  angel  ar  petition  ef  the 
wing  is  naaPwrad  relative  te  an  ■»— al  sere  lift  direction# 
If  this  were  the  correct  direatien  f or  sero  lift  then#  since 
the  clcftU  aeetieas  ere  ell  sjneetrleel,  one  would  expoet 
the  Pane  result*  for  positive  end  negative  angle*  of  attack* 


6$» 

8WWW|  b0<0»00  Of  WVQTM  la  the  manufaeture  of  tho 
wiagt*  ttvoyt  In  tho  alignment  of  tho  wiago«  or  a  slight 
angularity  In  tho  toot  soot  Ion  flow*  this  is  not  tho  oaee* 
Shin  unaartalaty  la  tho  01  root  Ion  of  koto  lift  la  oaally 
accounted  however  by  taking  aoasuronente  to  both  alOoo 
of  tho  aomweid  ooro  lift  lino  and  then  correcting  tho 
— QQMPOA  oagloo  by  a  eoaotant  amount  to  aaouro  that  tho 
POOultO  too  tho  oaao  for  equal  absolute  values  of  tho 
oaflo  of  at took*  Suoh  a  procedure  oortalnly  toons  legl- 
tlmto  sad  beyond  question,  Tho  eorrostlon  snouatsd  on 
tho  attrogo  to  about  four-tenths  of  a  dogroo  and  was  oon- 
olstont  with  (the  wings. 

Soot#  were  oonduotod  at'rolooltlos  up  to  about  40 
fbOi  por  soosad*  Although  tho  tunnel  lo  oopoblo  of  hlghoy 
ipflAli  otruetuoul  11*1  tattoo*  of  tho  faloo  floor  pro* 
htbltod  hitter  speeds,  Brea  at  tho  veloeity  of  2^0  foot 
POP  —and  o  foilupo  ooourrod  during  tho  oourso  of  ospur- 
ftgpatotloa*  tho  faloo  floor*  eltlieugb  in  lino  with  tho 
UlMiHili  'of  tho  flsvy  experience#  o  oonoidorobio  lift 
fbPOO  which  io  probably  attributable  to  the  interference 
Of  the  large  control  oupport  strut*  airing  tho  oouroo  of 
o  toot  with  wins  MHfeMMP  (5)#  tho  loading  edge  oupport  tor# 

A 

la  poo  from  tho  relatively  ooft  bronco  of  tho  toot  section 
elbowing  tho  plate  to  dofloOt  upward  preduo  lag  oa  even 
greet  or  lift  finee#  The  proeeae  being  0  diverging  oao 
OOONOPOd  la  a  brief  Instant  when  it  oppoorod  to  tho  ob- 
MOVMWP  00  if  everything  had  olaply  dloappoarod  before  hio 


O  tunnel  was  •  topped  with  the  energeney  stop 


Mim  but  by  this  tine  the  equipment  vm  badly  butin, 

9m  wing  wa  tarn  loose  and  earrled  downetrosn  ending 
W  la  th*  lower  l«g  of  tho  tumuli*  Surprisingly  enough* 
bowovor,  aft or  haring  gone  through  two  oornor  guldo  rawi 
•ad  tho  tunnel  lnpeller*  tho  only  danage  to  tho  wing  woo 
o  ailtfiUy  ban*  tip  which  woo  ooally  oorrootod.  Tho  folao 
floor  hobowor  did  not  fair  oa  wall.  Tho  foroo  of  tho 
rotor  proaaod  tho  ploto  to  tho  top  of  tho  toat  aootlon 
bonding  thla  V-lnoh  think  alwdmea  ploto  to  tho  contour 
of  tho  tunnel*  Tho  tunnol  itself  sufforod  aoaw  gt 
with  goohoa  it-  tho  bronoo  walls  and  a  oraoked  viewing  port* 


fortunately*  this  danago  oould  bo  ropairod  aatlafaotorlly* 
After  thin  otruotuval  failure*  tho  apparatus  woo  rebuilt 
with  additional  strengthening  employed* 

la  addition  to  tho  usual  teste*  measurements  worn  taken 
•tor  o  range  of  tunnol  water  tenprreturee  in  order  to  extend 
tho  range  of  Roynolde  numbers.  Zt  le  possible  in  this  naxv- 
Mtr  alsne  to  ehange  the  Hoynolde  number  by  a  footer  of  two* 

•  Hill  ednvenient  feature  of  the  tunnel  that  the  temper- 
i*«Pt  re a  bo  varied  fron  about  4«c  up  to  li5oc, 

A  typieal  raw  date  sheet  la  ineluded  as  table  (IZ)* 

Ad  nantlenod  peer  lonely  road  Inge  were  token  of  the  test 
deetien  static  pressure  end  tho  nossle  drop*  as  Measured 
by  *  saarou ry  nanaeaeter.  The  aereury  manometer  across  the 
■eaale  has  had  the  name  "Long  John"  attached  to  it* 
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presumably  because  of  Its  height,  henee  the  headings  on 
the  data  sliest  "Long"  and  ’’Join'1  signify  the  levels  of 
mercury  in  the  two  legs*  'Ihe  tunnel  has  been  calibrated 
and  if  A  denotes  the  pressure  drop  in  inches  of  nor- 
oury  aeross  the  nozale,  then  the  average  test  section 
velocity  is  given  by 

V3^*2/Zl~  feet  P®**  second  (lj.,2) 

2h*  statio  pressure  upon  which  to  base  the  critical 
cavitation  index  cannot  bo  taken  sic.ply  as  the  oressure 
Measured  by  the  false  gage,  the  hoise  gage  records  tho 
absolute  proasure  at  the  start  of  the  test  section  along 
the  oonterline.  thin  treasure  i.ust  therefore  be  corrected 
for  the  pressure  gradient  along  tho  test  auction  and  also 
for  the  height  of  the  wing  tip  abovo  tho  oentarlino  of 
tho  tunnel* 

Let  b  be  the  height  of  the  wing  abovo  the  centerline. 
Lines  the  surface  of  the  false  floor  is  on  the  tunnel 
conterllne,  this  height  Is  also  tho  semi-span  of  the  wing. 
In  addition  let  p  be  the  statio  pressure  in  tho  test 
section  at  the  wing  location  and  p  the  teat ''section  pres¬ 
sure  as  measured  by  tlio  hoise  gaga.  If  v  if.  the  uni- 
f#na  test  section  velocity  at  the  location  of  tho  wing* 

then  the  cavitation  indox  ut  the  wing  tip  will  b®  given  by 
p  _  p  _  fc>w 
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ourod  pro*-* 


•or*  ad  tho  yolooity  oo  givon  by  aquation  (tu*).  tho 
prooooro  oooffliiont,  0_  .  it  known  fro»  oalibratlon 

toot*  Of  tho  tannal.  Zt  !•  o  alight  function  of  Roynolda 


W ribor  bat  olnoo  it  ontora  oo  only  o  snail  oorrootlon  to 
J"  .  thlo  variation  eon  aafoly  bo  Ignored  and  an  average 
rain*  of  ■  -  (0*023)  uaod. 

Jbr  oaao  of  oonputatlon.  tho  exprosalon  for  (T^,  can 
bo  pot  in  tho  fbm 
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whores  p  •  toot  tootlon  prooouro  In  pala  ao  read  on 
Heiae  gaga 

A  •  not  ala  drop  in  laohes  of  noroury 
b  •  wing  aonl-apan  In  lnohoo 
p  ■.  vapor  preaaure  in  pal 


Dm  vapor  pressure  as  a  function  of  temperature  la 
given  tin  gable  111. 

The  teats  which  were  per  fenced  are  summarised  in 
table  IV.  The  teat  numbers  correspond  to  the  mattering 
system  used  at  the  Oerfisld  Thomas  water  Tunnel.  Moat 
of  the  testa  were  conducted  at  a  teat  section  Telocity 
ef  40  fpa  with  the  teat  section  pressure  being  varied 
from  about  5  cr  6  pc  la  up  to  20  er  30  peia.  The  water 
t—psrCturc  far  the  majority  ef  the  teste  wee  constant 
at  about  44®  C,  'Zone  of  the  later  teste  were  run  at 
extreme  ranges  of  temperatures  and  different  velocities 
te  study  the  effect  ef  Reynolds  number.  Before  dleous- 
•Ing  the  detailed  results  of  the  experiment  it  might  be 
ueU  te  first  disease  the  general  performance  of  the 
different  types  of  wings. 

*U410  BlUtta  aywtfMBMI 

Ths  behavior  of  the  tip-vortex  cavitation  wee  very 
Similar  for  all  of  the  elliptic  wings,  irrespective  of 
the  aspect  ratio.  At  the  higher  angles,  the  looation  of 
the  mini—  pressure  wee  earn  distance  aft  of  the  wings 
with  cavitation  disappearing  at  a  distance  of  about  a 
ten! -span  downstream.  At  ths  lower  angles  the  vortex 
cavitation  appeared  to  start  down  e  little  on  the  leading 
edge,  curve  up  around  the  end  and  trail  from  the  very 
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edge  of  the  vln^  tip.  As  the  vortex  oavitation  was  sup- 
pressed  it  would  dl  sap  poor  simultaneously  on  a  small 
n|ls&  of  the  blade  and  immediately  aft  of  the  blade. 

Figaro  (29  )  Is  a  photograph  typical  of  the  vortex  cavita¬ 
tion  ITo*  an  elliptio  wing. 
fcoWo  Bwtinwdir  ffUBfiaat 

As  in  the  ease  of  the  elliptio  wings,  there  was  little 
difference  in  the  general  behavior  of  the  vortex  oavitation 
frsai  one  aepeet  ratio  to  the  next.  Unlike  the  elliptio 
vinge,  at  the  lover  angles  of  attaok  the  oavitation  occurred 
uniformly  along  a  considerable  extent  aft  of  the  wing,  never 
appearing  initially  attaahod  to  the  wing.  The  inception  of 
the  oavitation  was  quite  definite  at  the  lover  angles  but 

< 

at  the  hlgier  angles  it  was  very  sporadic.  Two  states  of 
vortex  oavitation  fron  a  reotangular  wing  with  an  aepeet 
ratio  of  four  are  shown  in  figures  (30)  and  (31).  Figure 
(30)  shows  the  eavitatlng  vortex  ieavln^  the  blade  and 
trailing  downstream  while  the  second  photograph  illus¬ 
trates  a  state  of  oavitation  where  a  region  exists  just 
aft  of  the  wing  in  Which,  there  is  no  oavitation. 

Iuli30  flaafOTf 

The  eavitatlng  vortex  from  wing  number  $  which  is 
a  delta  wing  with  an  aapeot  ratio  of  wee  considerably 
different  frost  the  ether  wings  tested.  The  photographs 
of  figurer  (32)  to  (35)  inclusive  illustrate  this  carl- 
tation.  In  these  aeries  of  photographs  the  angle  of  the 


wing  wad  teat  saetlon  relooity  war*  hald  oonstant  wh.il* 
th*  prasaur*  was  vari*d.  Th*r*  ara  a *r*r ad  point*  to  b* 
obserred  on  thaa*  photograph*.  Firat  it  should  b*  not*d 
that  a  typ*  of  rortax  oaritation  ooours  along  a  oaa*id*r- 
abl*  axtant  of  th*  leading  *dg*  of  th*  wing.  Also  notio* 
that  th*  trailing  portion  is  shad  froa  a  location  inboard 
of  th*  tip  uni lk*  th*  *lliptio  and  r*otangular  wing*. 

Finally  obserra  that  a*  th*  pr*a«ur*  is  increased,  th* 
oaritation  raws  In*  th*  long*at  on  th*  wing  itself. 

For  th*  two  d*lta  wing*  of  higher  aap*ct  ratio  it 
was  Jjnpoaaibl*  to  obtain  rort*x  oaritation  in  th*  trailing 
rort*x  syatan  of  *lth*r  of  th*s«  d*lta  wing*.  Oaritation 
o*ourr*d  along  th*  leading  *dg*  aa  with  th*  snail  dalta 
wing  but  a  dafinit*  earitatlng  rortax  aft  of  th*  wing* 

•ould  not  b*  obtained.  Th*  aff**t  la  shown  in  th*  photo¬ 
graph  of  figur*  (36)  vb*ra,  instead  of  th*  trailing  oari- 
tatlng  rortax*  only  a  aaarky  region  appears  a*  eausad  by  th* 
air  bubbl**  ral*a**d  frow  solution  by  th*  oaritation  on  th* 
blad*. 

w&o  amuA  SLasMiim.  sl  fiimm 

Th*  Garfield  Thowa*  Water  Tunnel  is  a  r*latlr*ly  n*w 
facility  and  th*a*  taata  war*  th*  first  of  this  typ*  to 
b*  performed  in  th*  tunnel*  Th*  fals*  floor  installation 
and  wing  pltehlng  nsohaniwa  war*  designed  with  llttl*  or  no 
prwrteus  *xp*rl*ao*  frem  which  to  draw.  It  was  only  natural 
thar*for*  that  Many  "bugs"  had  to  b*  •limlnatad  bafor* 
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consistent,  dependable  results  oouid  be  obtained*  Hie 
first  of  these  as  mentioned  previously*  was  the  overall 
strength  of  the  false  floor  installation  Mh^oh  proved 
insufficient  and  failed  during  a  teit.  Hie  failure  was 
attributable  to  a  large  extent  to  excessive  vibration 
produced  by  oavitation  on  the  false  floor  structure 
Itself .  Prior  to  the  failure  of  the  apparatus*  it  was 
very  difficult  to  turn  the  wings  so  that  in  redesigning 
the  apparatus*  the  — shinloal  advantage  between  the  wing 
Shaft  and  the  driving  shaft  was  increased* 

the  soatter  of  the  data  obtained  before  the  failure 
of  the  apparatus  was  rather  large.  From  later  experience, 
this  was  blamed  on  two  causes.  The  first  was  the  test  ^ 
proeedure  in  which  tbs  velocity  and  wing  angle  were  held 
fined  end  the  pressure  varied.  The  decay  of  the  cavitation 
was  very  gradual  and  offsred  considerable  latitude  in  the 
tbolee  of  the  pressure  at  i<blSh  the  irritation  was  to  have 
'  disappeared.  The  second  factor  to  which  the  soatter  was 
attributed  was  difficulty  in  Measuring  the  angle  of  the 
wing.  Initially  a  ten-turn  hellpot  potentiometer  was 
•exmeeted  to  the  driving  shaft  since  e  potentiometer  of 
sufficient  asouraoy  to  be  attached  directly  to  the  wing  shaft 
could  not  be  found.  This  necessitated  two  calibration  curves 
fir  the  wing  angle  in  order  to  account  for  the  backlash  in 
the  vena  wheel-worm  gear  drive.  Beeeuse  of  sticking  in  the 
bfarl&gs  end  *  0*'  ring  scale  end  the  nature  of  the  loading 
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there  was  always  iom  uncertainty  as  to  which  of  the 
calibration  ourrea  should  be  used, 

She  rebuilt  apparatus  was  at  lengthened  considerably 
but  the  looetion  of  the  active  potentiometer  way  not 
changed.  The  testing  procedure  was  changed  with  the  wing 
angle  being  varied  as  described  earlier,  This  proved  to 
be  muoh  more  aatisfaotory.  All  of  the  o&rller  tests  were 
repeated  in  s  seoond  series.  Unfortunately,  in  strength¬ 
ening  the  equipment  a  seeling  gasket  was  relocated  and  did 
net  function  properly.  This  allowed  an  excessive  amount 
of  air  to  leak  into  the  tunnel  at  the  lower  pressures 
making  it  difficult  to  determine  whether  the  Investigator 
was  seeing  cavitation  or  a  collection  of  undlasolved  air 
in  the  region  of  the  vortex.  The  data  front  the  second 
series  of  tests,  although  apparently  repeatable  within  the 
soatter  of  the  data,  displayed  inconsistencies  which  made 
it  advisable  to  perform  additional  tests. 

The  two  major  faults  with  the  rebuilt  apparatus  were 
eured  in  that  a  potentiometer  was  obtained  whleh  could  be 
fastened  directly  to  the  wing  shaft  and  the  sealing  gasket 
was  redesigned  to  function  properly. 

A  third,  and  by  far  the  meet  complete,  series  of  tests 
was  performed.  Hot  only  were  the  tests  of  the  first  two 
completely  redone  but  additional  wings  were  made  and  the 
tunnel  water  teripereture  varied  to  study  the  effooto  of 
Reynolds  number.  The  apparatus  performed  entirely  satis¬ 
factory  for  the  last  series  of  tests  with  the  data  obtained 
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being  much  more  consistent  and  with  leas  scatter  than 
that  obtained  In  the  earlier  tests; 

The  experimental  data  are  sustaarlsed  in  figures  (37) 
to  (44) t  inclusive,  Inoludod  on  the  figures  are  tlie  pre¬ 
dicted  results  based  upon  the  seul-eLiplrio&l  development 
presented  later.  The  curves  of  versus  *.  for 

each  wing  were  all  taken  at  a  velocity  of  40  fps.  The 
Reynolds  numbers  based  on  the  mid- span  chords  are  given 
on  the  figures.  Figure  (kk-J  presents  the  variation  of 
C5^  with  Reynolds  number  ae  measured  for  a  series 
•f  reetangular  wings  all  of  aspect  ratio  four.  The  lower 
Reynolds  numbers  were  obtained  at  roduoed  water  temperatures 
of  about  10°  C  apd  velocities  of  2$  or  30  fps  wlxile  the 
higher  Reynolds  numbers  were  obtained  with  elevated  temp¬ 
eratures  of  about  40°  0  and  a  speed  of  40  fps.  The  experi¬ 
mental  points  given  on  the  figures  for  the  two  angles  of 
4°  and  8°  represent  points  on  the  curves  which  best  ft 
tbs  data  obtained  of  .71  *  versus  \  at  each  Reynolds 

^  C  r- 

number. 

Tke  experimental  variation  of  with  \  for  ths 

elliptic  wings  Is  scan  to  be  nearly  linear  up  to  an  angle 
ef  6°  or  7°.  It  ic  also  interesting  to  note  that  the  exper¬ 
imental  results  are  nearly  identical  for  the  three  aspect 
settles  considered.  This  la  demonstrated  more  clearly  In 
figure  (45  )•  The  data  obtained  for  the  rectangular  wings 
do  not  exhibit  the  linear  variation  of  the  elliptic  wings 
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but  tend  more  towards  a  parabolic  shape#  Also,  tha 
variation  with  aapaet  ratio  is  more  pronoWaood  than  that 
obtained  with  tha  elliptic  wings.  The  rectangular  wings 
are  compared  in  figure  (46). 


i 
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5. coo  oaaizi&B&ela&l  An*JLYalf 

The  experimental  results  do  not  agree  Tory  wall 
with  the  earlier  prediotlone  baaed  upon  oonai derations 
of  induoed  drag*  The  magnitudes  of  the  predioted  mini- 
man  preaaure  coefficients  baaed  on  the  completely  rolled- 
up  vortex  sheet  are  considerably  lower  than  tho  critical 
cavitation  indices  measured  experimentally*  The  varia¬ 
tion  with  planfora,  aspect  ratio  and  angle  of  att&ok 

t 

predioted  on  the  basis  of  the  non-dlstorted  vortex  sheet* 
though  oloser  in  magnitude  than  that  predioted  on  the 
basis  of  the  rolled-up  shoot*  still  deviates  appreciably 
from  the  measured  values.  The  effect  of  aspoot  ratio  is 
not  nearly  as  pronounced  as  predicted  end  the  variation 
of  with  the  angle  of  attack  is  more  linear  rather 

than  parabolic  as  predlotod* 

The  principal  £tult  of  tho  previous  approaches  ap¬ 
pears  to  be  in  their  neglect  of  the  boundary  layer  on 
the  upper  and  lower  surfaces  of  the  wing*  It  does  not 
appear  feasible  with  the  present  state  of  tlie  art  to 
attempt  a  detailed  analysis  of  the  turbulent  boundary 
layer  near  the  tip  of  the  wing  in  consideration  of  the 
ooxaplioated  velooity  and  pressure  fields*  Nevertheless* 
a  simplified  and  approximate  analysis  can  be  made  which 
appears  to  explain  to  a  large  extent  the  observed  results. 
The  development  will  be  performed  only  for  the  reotangular 
and  elliptlo  plaafonas  since  -he  delta  wings  of  higher 
aspeot  ratfio  did  not  exhibit  distinct  vortex  cavitation 
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behind  t hs  wing*  and  the  flow  over  the  low  aspect  ratio 
delta  wing  appeared  to  separate  near  the  tip, 

5.100 

Irmediately  adjacent  to  the  trailing  edge  of  the 
wing  the  thickness  of  the  trailing  yox’tox  sheet  is 
determined  by  the  thickness  of  the  boundary  layor  at  this 
location.  Since  the  minimum  pressure  occurs  ut  the  edge 
of  the  ahoet,  the  boundary  layer  at  the  outer  end  of  the 
trailing  edge  of  the  wing  would  appeal’  to  be  the  governing 
factor  in  determining  the  minimum  pressure. 

In  order  to  gain  some  insight  into  the  faotors 
governing  this  thlotaeas,  oonslder  the  dlugram  of  figure 
(47).  As  aliown,  the  flow  approaoixixxg  the  wing  is  diverted 
inward  over  the  upper  surface  and  outward  over  the  lower 
surface.  At  ths  tip  therefore,  the  boundary  layer  oan 
only  grow  as  a  result  of  the  flow  over  the  loner  surface. 

Thus  the  thickness  of  the  boundary  layer  on  the  lower 
surface  of  the  wing  at  tho  tip  of  thu  trailing  edge  sliould  , 
be  a  good  measure  of  the  thickness  of  the  edge  of  the  vortex 
sheet.  In  order  to  estimate  tills  thickness,  some  simplifying 
assumptions  will  bs  made  which  will  be  introduced  where  needed. 

Consider  the  streamline  on  the  lower  surfuoe  which  passee 
through  the  trailing  edge  at  the  tip  as  shown  in  tlie  diagram 
of  figure  (40),  It  will  be  asutaaed  that  approximately  thia 
streamline  is  deflected  by  u  oonstant  angle  over  the  wing. 

In  addition  it  is  assumed  that  the  thickness  of  the  boundary 
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layer  along  this  streamline  la  proportional  to  the 
diatanos  fro*  tlie  loading  edge  along  the  streamline  di¬ 
vided  by  tome  power  of  the  Reynolds  number  based  on  this 
dlatanoej  that  is,  the  tliioknosa  of  the  boundary  layer 
at  the  trailing  edge  of  this  streamline  will  be  given  by 


A  =  k.  -- - 


(5.1) 


where 


K, 


\V  <. 

’2 

"average"  result ant  veloolty  along 
streamline 

constant  of  proportionality 


This  ean  be  rewritten  as 


'  I  ^  t 


K 

b  if'\ 

Sew  the  tem  in  the  brackets  is  a  function  purely  of  the 
loading  and  as  pee  t  ratio  so  that  to  the  approximations 

which  were  *adei 


i 

b 


1-  V  S 

kr 


(5.2) 


At  this  point  a  alight  digression  mot  be  made,  The 
calculated  olroulatlon  distributions  of  most  wings  do  not 
vary  greatly  fro*  the  elliptic  distribution  and  as  such 
ean  be  approximated  very  eloaely  by 

r-\  ,  ■>  l  f 

i  *  l  c  V  I  -  A*-  ,it  K,A  *  / 


(5.3) 
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R»r  neat  purposes  it  is  euffioient  to  oonsider  only  th# 
a^  and  a2  tanas.  Tha  oaloulated  distributions  of  refer- 
ones  (10)  for  ths  rset&ngular  and  dslta  planfoma  wars 
approximated  to  within  an  srror  of  lass  than  ona  par  oant 
all  alone  tha  span  in  this  manner.  Tha  value*  of  a^  and 
*2  which  wore  dstsminsd  for  tha  reotangular  and  tha  delta 
wings  arc  givsn  in  table  (V).  Wow  if  aquation  (5*3)  la 
substituted  into  tha  expression  (3.41)  for  tha  downwash 


velocity  than  it  will  be  found  that  for  x0  >  1 

4TTbur(A0)  it 
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(2.4) 


If  tha  values  of  w  as  determined  from  (5*4)  are  sub¬ 
stituted  into  aquation  (3*55)*  then  tha  variation  of 

6* 

Cr/j< 2  with  Xg  tan  be  osleulatad.  These  curves  are 
given  far  tha  three  rectangular  wings  in  figure  (49). 

Mew  eoneider  aquation  (5.2)  for  .  If  xQ 

*  la  taken  to  be  1  +-  ^  then  the  variation  of  ^  with 
Reynold *  xassbor  can  be  detenained  froa  the  date  given  in 
figure  (44)  and  the  curves  of  figurs  (49).  The  exponent 
of  R  in  oxproeeion  (5.1)  is  then  given  by  the  elope  of  this 
date  plotted  on  log  log  paper  as  presented  in  figure  (£0) 

,  for  angles  of  4  end  8  degrees.  From  these  plote  the  value 
#f  r  was  determined  to  be  0.3$.  This  value  of  r  is 
very  reasonable  in  view  of  the  values  of  0.2  for  e  turbulent 
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layer  and  0»£  for  a  laminar  layer  on  a  flat  plate. 

Thar#  la  a  point  to  b*  considered  hare*  It  la 
poaalble  that  tha  expression  (5.L  for  ^  In  terma  of 
Jl  and  R  j.  ahould  Also  contain  soma  faotor  depen¬ 
dant  upon  X  .  Aa  far  aa  the  exponent  r  la  oonoemed. 
It  dees  not  appear  to  vary  to  any  extent  with  X  aa  la 
evident  from  figure  {$0),  Consideration  of  the  loading 
distribution  near  the  tip  will  also  ahov  that  the  faotor 
k  will  very  only  allghtly  with  X  •  Thia  follows  from 
the  feet  that  the  produot  oC-^  must  always  vanish  at  the 
tip  regardleea  of  the  angle  of  attaok.  Gince  o  la  con¬ 
stant  mast  vanish  at  the  tip  which  means  that  the 
absolute  angle  of  attaok  of  the  tip  section  must  always 
be  aero  regardless  of  the  geometric  angle  of  attack. 

The  variation  of  ~  with  aspect  ratio  and  angle 
of  attack  will  now  be  determined  from  the  geometry  of 

and  the  resultant  velocity 
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figure  (U£)«  The  length  a 
are  given  by  - 


G 


v  :■ 


vr- 


ao  that 


But  aoa  c ^  a 


t- 


81. 


Thu a 


2.  k 
m  k-: 


i  »- 


w 


V  ✓' 


(5.5) 


The 


irage  velooi.ty  ratio 
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V 


will  be  attained 


proportional  to  tho  circulation  distribution  at  tom 
location  noar  tha  tip  raised  to  sane  power 
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where  ii  ■  constant  of  proportionality  to  be  determined 
n  •  unknown  exponent  to  be  determined 
The  use  of  ep  instead  of  b  in  equation  (86)  ia  tan* 
t amount  to  assuming  tliat  it  is  the  tip  shape  and  not  the 


aspect  ratio  which  primarily  governs  the  ;> 
The  expression  for  L*  becomes  finally 
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She  constants  k,  K,  and  n  must  be  determined  from 
experiment.  The  procedure  fer  doing  this  is  as  follows. 
From  the  experimental  data  of  figures  (41)  to  (4-3)  and 
the  curves  of  figure  (49)  the  variation  of  *-  with  \ 
can  be  obtained  for  the  three  rectangular  wings  at  a  con¬ 
stant  Reynolds  number.  These  curves  are  given  as  figure 
(51),  The  question  now  arises  as  to  whether  suitable 
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value*  of  k,  K,  and  n  can  be  found  to  satisfy  slauultan- 


aeusly  the  ourvea  of  figure  (51 ), 


Tha  constant  k  oan  be  determined  immediately  from 


the  extrapolated  values  of 


AR 
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where:  An  a  A  for  \  ■  0 

The  constant  nls  most  readily  obtained  by  comparing 
values  at  ,  and  v.  for  a  given  wing. 
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With  n  determined,  the  constant  K  Is  found  from: 


Vi  I 


—  i 
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»  V 


(5.10) 


-  ‘Jz(\  t*  U,  fit  ^  ■  \ 

4.  y  l  A  X  V,  / 

For  the  rectangular  wings,  the  constants  were  determined 


k  ■  .15144 
2  ■  53.7 
a  ■  3.37 

The  agreement  between  the  calculated  values  of  't 
using  the  above  values  of  k,  K,  and  n  are  included  with 
the  experimental  values  in  figures  (41),  (42),  (43)  sad 
(44).  As  is  evident,  the  values  of  aa  calculated 
using  aquation  (5.7)  sad  figure  (49),  axe  In  quite  good 
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agrcamimt  with  tfas  experlmsntal  awiwwmntii  Su  fiet 
that  such  agreement  was  obtained  for  tha  different  a a- 
paot  ratio#  and  angles  of  attaak  lands  const darab la  sup¬ 
port  to  this  serai -empirical  approach  and  to  tha  suppo¬ 
sition  that  tha  boundary  laysr  on  tha  lower  surface  of 
tha  wing  la  tlta  factor  governing  tha  thlaknaas  of  tha 
edge  of  tha  vortex  sheet* 

5.200  smpttt  aiBgaa* 

lbs  sow  procedure  will  now  be  followed  for  tha 
alllptlo  wings  taking  Into  aooount  tha  geoeietry  of  tha 
wing  tip*  Ihia  region  of  an  elllptio  planfons  la  shewn 
in  figure  (52)* 

As  In  tha  previous  oaaa  of  tha  r cat angular  wings, 
tha  thickness  of  tha  cheat  leaving  tha  wing  at  tha  tip 
will  be  assisted  to  be  deaarlbed  by 


Which  oen  be  rewritten  as  ,  >K  , 

k  ct.  \  -<■ . 

^  CK  y4ir  ( ''■*»-  (5*ii) 

v'  Co  ^  ) 

where:  Rc  •  ~  r 

o0  ■  mid- span  chord 

lha  chord  at  any  dimensionless  x  location  is  given 
tqr  a  •.  C 9Jl-*\  X  will  be  close  to  unity  so  if  It  is 
assumed  that  x  ■  1  -  £.  where  Is  email  compared  to 
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unity ,  than  approximately  l  -  x2  »  2  6.  • 
Prom  the  gaoaatry  of  tha  picture 

r  £  b 

A  “  . 
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Also  I 
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Butt 
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So  that  t 
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Equating  this  to  the  prorioua  expression  for  X  gives: 
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Tha  ratio  -  is  than  given  by 
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Pro*  tha  gaoaatry  of  flgura  (52) 
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T.  Bir«n  by 

l  ('  i  «.'■  j  o  \  -  1 
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therefore  In  terns  of  v;  »  tha  expression  for  -  booonoo 
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AO  la  tha  ease  of  tha  r  act  angular  wings  v  will  bo 


expressed  by 
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Slnse  for  an  olllptie  lift  distribution 


Slaoo  for  tha  olliptlo  wings  ,-r, 
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'n  j 

f  ,  *  \ 
V  -  4  <  , 


.I*1" 


(5.13) 


1st  wings  booomsa 

(  -  I  i  y\  \l  *  (p  —  I  •  .  *  .  1  .  !  i 

0  [  *¥■  |N  /fs  J  •' 

- c xj  t5-X3) 

As  In  tha  ossa  of  tha  root  angular  wings,  '>V/  _ 

son  bo  calculated  as  a  function  of  x^.  This  variation 

V 

is  given  in  figure  (53)  for  tha  thraa  aspect  ratloa  of 
lj*  7,  and  10.2.  Proa  those  curves  and  tha  experimental 
results  given  in  figures  (37),  (36)#  and  (39),  tha  curves 
of  jj-  versus  X  given  in  figure  (51)  for  the 
olliptlo  wings  wore  determined. 


J 


86. 


Again  the  question  arises  as  to  whether  a  k,  K,  and 
n  sen  be  found  suoh  that  an  expression  of  the  form  (5*13) 

oan  be  mad*  to  fit  the  curves  of  --  versus  x  .  Ob* 

o 

serve  that  the  form  of  the  expression  for  the  elllptlo 
wings  is  considerably  different  than  that  for  the  reotangu- 
lar  wings  due  mainly  to  the  difference  In  the  geosietry  of 
the  tip*  Unlike  the  rectangular  wings*  -  for  the  el- 
llptie  wings  goes  to  xero  as  \  goes  to  aero. 

The  Ideal  situation  would  be  of  oourse  to  hare  the 
values  of  k*  K,  and  n  found  for  the  reotangular  wings 
hold  for  the  elllptlo  wings*  There  Is  the  question  how¬ 
ever*  as  to  whether  the  k  or  the  power  of  the  Reynolds 
number  of  0*35  will  remain  the  same  since  at  the  tip  of 
the  elllptlo  wings  the  boundary  layer  buildup  occurs  over 
a  vary  small  length  of  chord  which  la  Increasing  In  thiok-' 
ness.  The  £  and  n  are  questionable  In  view  of  the  fact 
that  the  edge  of  the  vortex  sheet  Is  shed  from  the  very 
tip  of  the  wing  which  la  ahead  of  the  rest  of  the  trailing 
edge* 

If  til*  values  of  k*  K,  and  n  are  Inserted  into 
equation  (5*13)  tho  oaloulatod  values  of  will  be 

found  to  be  too  large*  Dy  varying  n  it  is  possible  to 

( 

obtain  values  of  In  agreement  with  the  experimental 

values  of  figure  (51  )•  In  feet*  with  the  power  of  the 
Reynolds  number  fixed  at  *35*  the  values  of  k  and  K  must 
remain  the  same  as  for  tho  reotangular  wing  In  order  to 
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•total*  suitable  agreaueat  with  the  experimental  values, 
ttor  tit*  elliptic  wings  therefore,  the  following  value* 
ware  determined. 


k  •  .15U4 
K  •  5:3.7 

A 

n  *  1,6 

The  agreement  between  the  ealoulated  values  of  y- 

f  <_r 

using  the  above  values  of  k,  K0  and  n  are  included  with 
the  experlasntal  values  in  figure*  (37).  (30)  and  (39). 
Again  the  ealoulated  variation  of  *-  with  x  and  aspect 

Lt 

ratio  produces  values  of  .v  in  good  agreement  with 

Hr 

experiment, 

5.300  MtnmLm  al  fiMaaattiail  iamUaftllga 

The  agreement  between  the  experinantal  results  and  the 
Salsulations  based  on  the  a<*ni-«npirioal  investigation  sup¬ 
ports  the  basis  approach  to  the  analysis,  The  variation 
both  with  angles  ef  attack  and  aspect  ratio  for  a  given 
plaafam  shape  is  predicted  accurately  by  consideration 
ef  the  effect  ef  the  geanetry  of  the  wing  tip  and  the 
leading  distribution  on  the  growth  of  the  boundary  layer 
on  the  lower  surface  of  the  wing.  The  nooossity  of  varying 
the  oiqpopont  n  with  planfora  is  not  too  desirable  but  this 
Is  offset  somewhat  by  the  fsot  that  the  ooefflelents  k  and 
S  rests jn  unchanged.  Attempts  to  prediot  the  variation  of 
a  have  not  proven  fruitful  to  date. 
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\\  6.000  foMlMittBl 

^  Theoretical,  axperlnantal ,  and  sami-esqpirioal 
investigations  of  ths  alniiaan  pressure  in  trolling  vortex 
eyet mu  of  elliptic,  rectangular,  and  delta  winga^&xe 
bean  prea anted.  The  oonolualona  of  theae  inveatigations7"'\ 
aoaM  of  thaai  in  the  negative  aenae,  are  auaxaarlBed  below. 

1.  The  magnitude  of  the  minimum  pressure  coefficient 
inoreaaea  with  increasing  Reynolds  number. 

2.  The  magnitude  of  the  minimum  pressure  ooefflolent 
increases  nearly  linearly  with  the  angle  of  attack. 

3.  The  pressure  coefficient  ie  almost  inde¬ 

pendent  of  aapeot  ratio  for  alliptio  wings. 

4.  The  magnitude  of  the  minimum  pressure  ooefflolent 
increases  with  increasing  aspsot  ratio  for  rectan¬ 
gular  wings. 

5.  Because  of  separation  near  the  tip,  only  the  delta 
wings  of  low  aepeot  ratio  produces  discrete  vor¬ 
tex  cavitation  in  the  trailing  vortax  system. 

I 

6.  The  thloknees  of  the  tip  vortex  core,  or  the 
thickness  of  the  edge  of  the  trailing  vortex 


sheet  is  governed  by  the  thloknees  of  the  boundary 
layer  on  the  lower  surface  of  the  wing  and  not  by 

V 

any  eonelderation  of  induced  drag  and  klnotlo 
anergy  of  the  vortax  aheat  itcalf . 

7.  Hie  thicker  the  boundary  layer  on  the  lower  surface 


at  the  wing  tip.  the  smaller  the  magnitude  of  the 
pressure  coefficient. 


09. 

6.  Reduction  of  the  wing  loading  near  the  tip  doea 
not  neceaearily 'reduce  tha  magnitude  of  tha 
minimum  pro 8 aura  cooffiolant  alnoe  tha  thick- 
naaa  of  tha  boundary  layer  will  be  reduced. 


I 
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0*000  Annandlx 

8*ioo  sl  stoat 


oo,  -k  X  ^  2 


This  integral  la  first  reduo ed  by  integrating  by 
parts  to  the  fern  below: 


„  .  -k*2 

l-e 


?/  —  -kx~  -kx*- 

P/  I  'll00.  4KA6  ; 
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-X1 


J  A 


The  first  quantity  is  seen  to  vanish  at  both  limits* 
Now  if  the  transformation  t  »  lex2  is  applied  to  the 
integral,  it  reduces  to: 

,  TO  _  f  _  f 

k  (  1  J  t 

J  t 

o 

The  intogrand  of  this  integral  can  Itself  be  ex¬ 
pressed  in  Integral  fopti, 

f_Vf!2  dt  J  :  cl  4M0t 

*  j 


h  I 


J 


so  that  the  original  integral  oan  be  transformed  to  the 
double  Integral 


O  r  u  ■  i  t 


Reversing  the  order  of  integration  and  integrating  with 
reapeet  to  t  gives 

/  *  d  J. 
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which  becomes  finally 

/■  °®  -kx2  o 

CL'V)2c 

Xa 


—  k  1  o  Ci  2. 


0,200 


The  velocity  Induced  normal  to  and  in  the  plane  of 
the  sheet  la  given  by  t, 

i) 

I  “b 

If  -  o  <  ^o<  b  »  this  Integral  oannot  be  integrated 
direatly  by  parta  fro®  -b  to  b  because  of  the  discontinuity 
in  the  integrand  at  y  *  y0.  In  this  oaoe  it  is  broken  into 
three  integrals 

(*" iGdw  f  % r  f  bdP 

^.)=  f--±lJ  +  a  { .  d  i.  d,  ‘1 

-b  n  lJ°  5  yirTU*'J) 


S'  -u 

“h*~  %<  ic<  Ji 

The  first  and  last  integrals  can  be  integrated  by  parte 
and  sinoa  P  b )  -  o  the  result  can  b«  written  as 

«*  nv  -  £-%  - rl  ^ ♦  ( J;  M  i ,  ;t*  1 1  f  t- ! 

^  *  Vc  j l'j.  *  j/1*  J jc  -  j 

“b  3.  ^ 

There  are  no  singularities  in  the  range  of  integration 
for  the  first  two  integrals  so  that  the  only  question  con¬ 
cerns  the  last  integral.  For  the  usual  wing  the  function 


prn  i-*r, 
j°  *•  ^  'S*  i>4  j  ('j.  J  jo  * 
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dr 

j  ^  la  wall  bahavad  except  at  y  3  ±  o  ,  This  funo- 
tlon  la  therefore  bounded  between  vJt-  "A  —  «  Let  tha 

valua  of  tha  least  upper  bound  ba  denoted  by  M,  Then 
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°i-  -Ml  •K-il 
5.  'S“'  ''w  ^  'S 

1  “J  ■ 
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V  “  'U 
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If  r  *  b  tlie  Integral  for  tha  dowza/aah  can  be 
"o 


Integrated  by  ports  Immediately  to  give 

b 


Z  TT  vat  l  b)  = 


r__ 

°  -  A 


f1  i< 


oinoe  P  ( b_)  i«  sero  the  first  part  In  braokets  will 


be  finite  at  b  proriding  P  l^is  finite.  In  the  integral 
however,  tha  integrand  can  be  seen  to  h&vo  a  second  order 

t  O 

pole  at  y  »  b  unless  P  (ty  is  zero  and  p  (.t^/is  finite  there. 


Specifications  of  Wings  Tested 


jj 

1 

'w' 

i 

o 

5 

1 

3 

o 

•H 

l 

3 

X 

1 

f 

•rl 

1 

•H 

I 

1. 

elliptic 

u 

£ 

10.00 

a 

2  *[• 

! 

10.20 

5 

■< 

001.3 

I 

stainless 

steel 

2. 

rectangular 

U.oo 

2.0 

U.oo 

0012 

bras  a 

3. 

rectangular 

6.00 

2.0  . 

6.00 

0032 

brass 

root angular 

o.oo 

2.0 

0.00 

0012 

brass 

3. 

delta 

2.33' 

7.0 

1.36 

0007 

brass 

6. 

delta 

1.33 

7.0 

2.7J 

0007 

brass 

7. 

delta 

7.00 

7.0 

li.00 

0007 

brass 

8. 

elliptic 

3.93 

2.3 

It  .00 

0013 

brass 

9. 

elliptic 

6.37 

2.3 

7.00 

0013 

brass 

10. 

elliptic 

10.00 

2.3 

10.20 

0013 

brass 

11. 

rectangular 

,  U.oo 

t 

2.0 

L.oo 

flat 

plato 

at 'el 

12. 

i lliptic 

3.93 

2.3 

li.00 

flat 

plate 

steel 

13. 

rectangular 

2.00 

1.0 

li.00 

0013 

brass 

liu 

rectangular 

L.oo 

2.0 

li.oo 

0013 

brass 

13. 

rectangular 

6.00 

3.0 

4.0  J 

0013 

brass 

*  1«  Uachined  on  special  profiler  and  polished, 

2.  Rough  cut  on  a  milling  machine  and  hand  finished. 
3*  1/8-inch  si  wet  stock  with  od£-ee  reminded. 
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2 

2 

2 

2 

2 

2 

2 

2 

2 

3 

3 

1 

1 


.'lot hod  of 

M  factune* 


Table  I  -  Continued 
Specifications  of  Wings  Tooted 


M 

M 

$ 

g 

i 

t 

O 

5 

O 

a 

O 

•H 

l 

S 

t 

u 

0 

W 

8 

•H 

b 

¥ 

tJ 

d 

3 

n 

1 

R 

«S 

a 

to 

.13 

0 

3 

rectangular 

8.00 

l*.o 

li.OO 

0013’ 

bra  no 

rectangular 

6.00 

2.0 

6.00 

0013 

bras  a 

rectangular 

8.00 

2.0 

8.00 

0013 

brass 

rectangular 

6.00 

3.0 

li.00 

0015 

brass 
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P. 

jj 

Cl 


1 

1 

1 


1 


’feti.od  o. 
fact -ire* 


't  • 
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TEST  HO. 


Tabl«  XI 

Sanpla  Raw  Data  Shaat 
JLU3 _ PROJECT  19,^ 


EIJQRJfaCajBlaiL 


UB3CRIPTI01I _ 

CONSOLE  OPERATOR 

-10*36 


Slp-Yartm  a 

_ teBflftiia: 


•10.2 


<40*05 


-10*15 


John 

ft  nmaewt 

palft 

13.10 

8.5 

-9.9 

34 

-9.3 

31.7 

2:2 

-9.4 

30 

-9.3 

7.9 

20 

12.95 

0.0 

-7.7 

26 

- 

1:2 

24 

6.2 

-7.6 

22 

-6.9 

6.3 

20 

i:2 

19 

12.85 

*6 .6 

5.9 

18 

i:!f 

17 

-6.0 

5.9 

16 

5.1 

-6.0 

15 

-5.5 

5.0 

14 

4.4 

-5.5 

13 

-5.o 

3.9 

12 

12.65 

11 

-4.4 

3.3 

10 

2.8 

-3.9 

9 

-3.9 

2.5 

8 

2.1 

-3.4 

7 

1.6 
-3.9  . 

6 

Vaajp* 

-°.S- 

25*4 


Mr  Saa&ial 

0.6 


25.7 


8i5 


8.5 
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Table  III 

.hfefrtE  .ferae  aomsttt  wfl  &a«aatta  iliaaslts mi  ffaagUfta 

oX  Tawpamfouro 


fwparature  Water  Vapor  Pros  sura  .  ,, 

..ayaetuL-g-  _ bu& _  -kaioS 


41 

42 

43 


.87 

.94 

.97 

1.02 

1.00 

1.13 

1.20 

1.28 


m 

1.329 

1.293 

1.259 

1.225 

1.191 

1.160 

1.131 

1.100 

l-M 

1.022 

1.000 


.978 

.955 

.935 

.915 

.895 

.876 

.860 


.842 

.825 

.808 

.791 


.760 

.745 

.730 

.716 

.703 

.690 

.680 

.668 


% 


Table  IV 


flawin'  ?f  Sa rU 

Series  I  -  Considerable  difficulty  was  experienced  with 
the  wing  positioning  neohanlsn  In  tl\ia  series. 
For  this  reason  the  date  is  felt  to  be  un¬ 
reliable.  This  mechanism  was  redesigned  after 
the  failure  of  the  entire  apparatus  had  occurred. 


Test 

Wing 

Mafrer 

Ml 

790 

l 

10/29/52 

791 

1 

10/30/52 

792 

1 

10/31/52 

794 

1 

11/3/52 

797 

1 

11/10/5;.' 

798 

*  1 

11/12/52 

799 

1 

11/13/52 

800 

1 

n/14/52 

928 

2 

3/12/53 

929 

2 

3/12/53 

930 

3 

.  3A3/53 

9^1 

4 

3/13/53 

932 

2 

3/14/53 

973 

1 

4A3/53 

974 

1 

4/1V53 

975 

5 

4/15/53 

Velocity 

fos 

Cotanents 

Test  incomplete 

Low 

Varied 

Test  appears  satis¬ 
factory 

Varied 

Test  appears  satia- 
faotery 

Varied 

Test  appears  satis¬ 
factory 

Varied 

Test  appears  satis¬ 
factory 

Varied 

Test  appears  satis¬ 
factory 

Varied 

Test  appears  satis¬ 
factory 

Varied 

Test  appears  satis¬ 
factory 

40 

Test  Incomplete 

40 

Angle  uncertain 

30 

Test  appears  satis¬ 
factory 

30 

Teat  appears  satis¬ 
factory 

40 

Angle  uncertain 

30 

Test  no  good 

40 

Wing  twisted,  data  j 

cooa 

Complete  failure  of 

40 

apparatus 


Table  IV  -  Continued 

SsamcL  of 

Series  II  -  In  this  aeoond  aeries  of  teats,  oonaldorabls 
backlash  was  present  in  the  wing  positioning 
aeohanlsu  whioh  axh  it  difficult  to  determine 
the  wing  angle  aoourately.  Alap  a  sealing 
gasket  leaked ,  allowing  an  excessive  amount 
of  air  to  enter  the  tunnel  so  that  although 
the  teats  were  apparently  alright,  the  data 
la  questionable,  particularly  in  view  of 
the  third  aeries  of  teats. 


Test 
Urtteu c 

wing 

♦/ate 

Velocity 
- .  foa 

Coaroenta 

1198 

2 

11/18/53 

40 

Good  teat 

1199 

2 

11/19/53 

40 

Good  teat 

1200 

10 

11/19/53 

30 

Considerable  amount 
of  air  present 

1201 

5 

11/19/53 

40 

Some  uncertainty  in 
wing  angle 

1202 

5 

11/20/53 

40 

Repeat  of  preceding 

teet 

1203 

8 

U/20/53 

40 

Good  teat 

1204 

9 

11/20/53 

40 

Good  teat 

120$ 

6 

11/20/53 

40 

No  vortex  oavitation 
produced 

1206 

7  * 

11/20/53 

40 

No  vortex  oavitation 
produo ed 

1207 

3 

11/21/53 

40 

Good  teat 

1208 

k 

11/21/53 

40 

Good  taat 

1209 

1 

11/23/53 

30 

Consldsrable  air 
present 

1210 

8 

U/23/53 

40-20 

Good  test 

1211 

9 

11/23/53 

40-20 

Good  test 

1212 

5 

11/24/53 

40 

Good  teat 

1213 

2 

11/24/53 

40 

Good  test 

Table  IV  -  Continued 
^VBTWTY  9f  gf 
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Series  III  -  The  potentiometer  which  me a a urea  the  wing 

angle  was  replaced  and  the  new  one  attaohed 
directly  to  the  wing  shaft  for  this  third 
aeries  of  teats •  In  addition  the  sealing 
gasket  waa  redesigned,  with  these  changes, 
the  equipsoent  functioned  properly.  This 
third  series  is  therefore  the  most  complete 
and  so curate  of  the  three  and  is  the  data 
from  which  the  experimental  data  presented 
in  the  text  is  taken. 


Test 

wing 

2 

AH 

3/15/54 

Velocity 

foe 

Consents 

1323 

40 

Good  tost,  sxospt  et 
low  p 

1324 

2 

3/16/54 

40 

Good  test  -  complete 

1325 

11 

3/16/54 

40 

Cavitation  not  pro- 
nounosd  -  pictures 
taken  -  incomplete 

1326 

3 

3/17/54 

40' 

Good  teat 

1327 

9 

3/17/54 

40 

Test  no  good 

1328 

3/10/54 

40 

Tost  apparently  O.h, 

1329 

10 

3/18/54 

40 

Test  apparently  O.K. 

1330 

12 

3/19/54 

40 

Results  questionable 

1331 

9 

3/19/54 

4c 

Teat  no  good  -  angle 
slipped 

1332 

9 

3/19/54 

40 

Good  test 

1333 

8 

3/20/54 

40 

Good  test 

1334 

5 

3/22/54 

40-30 

Good  test 

1335 

17 

3/22/54 

40-30 

Cavitation  sporadic 

1336 

18 

3/23/54 

40-30 

Cavitation  sporadic 

1337 

14 

3/23/54 

40 

Test  looks  O.k. 

1338 

2 

3/23/54 

40 

Check  test 

i 
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Table  IV  -  Continued 


aBBMg  flOlI&l 
aarles  Z1I  -  Continued 


Test 

.  wins 

Veloolty 

labsc 

JUriMC 

i3lt 

flat 

conpfflnti 

1339 

2 

3/24/54 

40 

Cheek  test 

1340 

13 

3/26/54 

40-30 

Good  low  temper¬ 
ature  teat 

1341 

14 

3/26/54 

40-30 

Good  low  temper¬ 
ature  test 

1342 

15 

3/29/54 

40-30 

Good  low  temper¬ 
ature  teat 

1343 

15 

3/29,30,31/54 

30 

Temperature  changed 

1344 

15 

3/31/54 

30 

Good  high  temper¬ 
ature  teat 

1345 

16 

4/1/54 

30-40 

Good  high  temper¬ 
ature  test 

1346 

19 

4/2/54 

30 

Good  high  temper¬ 
ature  teat 

1347 

13 

4/2/54 

40 

Good  high  temper¬ 
ature  test 

1346 

14 

4/2/54 

35 

Good  high  temper¬ 
ature  teat 

i 
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Tablt  V 


=  n,  //  -  (»  +■ 

x4-  -t  i>  X 

4  ) 

/ 

AUBtik  Jima 

Si 

S2 

2 

.0450 

.0117 

4 

•  1815 

•0048 

6 

•2348 

.1269 

2.307 

-.2381 

-.0107 

4 

-.2$60 

-.1073 

0 

0 

noon  1 

Tip  Vortex  CcritetioB  tram  *  Nuriai  Propollor 
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FIGURE  6 

Transverse  Plane  in  Ultimate  Wake  of  Completely  Rolled-<Jp 
Vortex  Sheet  Including  the  Path  of  Integration  for 
Obtaining  the  Kinetic  Enerpy 
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r’lMJHE  7 

Reduced  FaU1  of  Ir.te,/rati'  r.  for  Obtaining  the  Kinetic  Energy 
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Trailir.,;  Vortex  Core 


NO.  3110.  SO  DIVISIONS  PER  INCH  »OTH  WM$  ISO  • 


Seduced  Path  of  Integration  for  Evaluating  tie 
Kinetic  Energy  of  the  Irrotational  Motion 
For  the  Model  of  the  Vortex  Sheet 


Sffeat  of  Viscosity  on  a  Trailing  Vortex  Sheet 


The  Inner  .legion  of  a  Vortex  Sheet 
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FIGURE  29 
Wing  Number  8 

V-UO  fps,  po»28,0  nai,  0C»9.8° 


FICUHE  30 
Wing  'lunfcer  2 

V-U5  rpo,  Port7.5  pal,  0(  »11.9° 


erfjrm* 

rinr  !V*er  2 

7.*ie  pns,  p0*3%5  nsl,  0(  .11.09 


FICPJHE  32 
Y'ing  Nurnbor  c 

V»)iO  f pc,  pe«l3.0  psi,  (X  -13.5° 


PI'Tre  33 

*.Ting  !!urfcer  5 

’MiO  fps,  po*20.0  -si,  (X  =13.5° 


L 


f^ojre  3U  rT5'RE  35 

V/ing  ’’’inber  5  "ing  Punter  5 

V«?'0  fr=,  1V-26.0  psi,  (X  -13.5°  MO  fos,  po«2?.0  psi,  (X  »13.?r> 


3^, 

T  ‘  r. :  *  iriber 
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Flow  Directions  on  the  Upper  and  Lower 
Surfaces  of  a  Rectangular  Wing 


Georartry  of  the  Flow  on  the  Lower 
Surface  of  a  Rectangular  Wing 
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